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1 Introduction

Principal Component Analysis (PCA) and Factor Analysis (FA) aim at summarising the common
latent linear structure of multivariate data; see Anderson (2003) Chapters 11 and 14. When we
impose the sphericity restriction on the 7' X 7' error covariance matrix V. in the estimation pro-
cedure, where 1" is the time series dimension, the FA estimator F of the latent factors F boils
down to the PCA estimator; see Anderson and Rubin (1956). Sphericity corresponds to V. = 521
being a multiple of the identity matrix /7 with unknown parameter 62 > 0. It is a necessary and
sufficient condition for consistency of PCA estimates F', when the cross-sectional dimension 7 is
large and 7' is fixed (Theorem 4 of Bai (2003); see discussion in Fortin et al. (2025) and Onatski
(2025)).! Fortin et al. (FGS, 2023b) develop inferential tools for FA in short panels. Their Pseudo
Maximum Likelihood (PML) setting (White (1982), Gouriéroux et al. (1984)) under large n and
fixed T relies on a diagonal 1" x T covariance matrix of the errors without imposing sphericity,
Gaussianity, or cross-sectional independence.? They derive feasible asymptotic distributions of FA
estimators of /" and V. in more general settings than in the available literature (e.g. Anderson and
Amemiya (1988)). This paper derives Generalized Method of Moments (GMM) testing proce-
dures of sphericity in short panels through comparison of constrained and unconstrained versions

of the FA-GMM estimators under optimal weighting (Hansen (1982)).> Such an approach differs

!Cochrane (2005, p. 226) argues in favour of the development of appropriate large-n small-T" tools for evaluating
asset pricing models, a problem only partially addressed in finance. In a short panel setting, Zaffaroni (2025) con-
siders inference for latent factors in conditional linear asset pricing models under sphericity based on PCA, including

estimation of the number of factors.
2 Alvarez and Arellano (2022) develop PML approaches for dynamic panel models with non-sphericity, also achiev-

ing consistency in a fixed T setting (see Chamberlain and Moreira (2009) and Bai (2013, 2024) for other desirable

properties such as minimax optimality and efficiency from a fixed-effect perspective).
30Omitted latent factors are also called interactive fixed effects in the panel literature (Pesaran (2006), Bai (2009),

Moon and Weidner (2015), Freyberger (2018)). We find them in asset embeddings (Gabaix et al. (2023)). Ahn et al.
(2001,2013) use the terminology time-varying individual effects. They use optimal GMM criterion to estimate their

panel data model with random interactive effects and i.i.d. errors under fixed 7', while Hayakawa et al. (2023) rely on



from other tests of sphericity available in the literature; see e.g. Mauchly (1940), Bartlett (1951),
John (1972), Ledoit and Wolf (2002), Anderson (2003), Schott (2006), Onatski et al. (2013). Un-
like those papers, we target a test of sphericity for a covariance matrix with a low rank structure
recovered from FA estimates. Besides, it allows us to characterise the asymptotic optimal max-
imin properties of the usual trinity of tests, namely the Wald, Lagrange Multiplier, and Likelihood
Ratio-type tests, in a GMM framework (Newey and McFadden (1994)). These properties are
novel to the literature, even in the i.i.d. case, and have broad applicability for GMM tests of panel
models as shown in Section 3 below for the model of Chamberlain (1992) (see Arellano and Bon-
homme (2012) for identification of distributional characteristics when coefficients are random in
that model). Testing for sphericity with GMM tests in FA is simply a particular case. We estab-
lish an upper bound on the power in the maximin sense, i.e., the optimal power against the least
favorable directions among the local alternative hypotheses (Lehmann and Romano (LR, 2005),
Chapters 8 and 13.5.3). Maximin optimality does not impose restricting tests through concepts
like unbiasedness, conditioning, monotonicity, and invariance (see Romano et al. (2010) for a sur-
vey of optimality approaches in testing problems). It has a wider applicability to obtain tests with
asymptotically guaranteed power. The derivation of optimal maximin tests relies on finding the
limit Gaussian experiment in strongly identified GMM models under a block-dependence structure
and unobserved heterogeneity,* before applying those maximin results to our FA model. In FA,
heterogeneity is driven by means affine in fixed effects. Andrews and Mikusheva (2022) exploit a
limit Gaussian experiment to design Bayesian decision rules and characterize optimal similar tests’
in the sense of maximizing weighted average power (WAP)® in weakly identified GMM models.
We rely on the same strategy but to derive optimal maximin results in strongly identified GMM
models in a non-i.i.d. setting. Chen and Santos (2018) investigate maximin results for specification

testing, in particular the J-test of Hansen (1982) and the incremental J-test of Eichenbaum et al.

a transformed Gaussian PML for a dynamic panel data model.
4We refer to Bonhomme and Denis (2024a,b) for two recent surveys on accounting for heterogeneity in panel data.
>Optimal similar tests are also developed in e.g. Moreira (2003) and Andrews et al. (2006).
SWAP optimality is also used by e.g. Sowell (1996), Andrews (1998), and Mueller (2011).



(1988), in an i.i.d. setting (see Newey (1985) for early work on optimality within the class of GMM
tests of overidentifying restrictions and Chen et al. (2024) for use in finance). Our maximin results
developed under a block-dependence structure and unobserved heterogeneity suit the particular
case of our FA-GMM sphericity tests and are new to the literature on the power optimality of the
trinity of GMM tests (see Engle (1984) for Asymptotically Uniformly Most Powerful Invariant
tests in a maximum likelihood framework). The characterisation of the Gaussian experiment in a
non-i.i.d. context is new. It is not a direct application of the available results for the i.i.d. setting,
and of independent interest. It can be exploited for other applications such as designing Bayesian
priors and optimal similar tests. The idea of using a Gaussian experiment based on the concept of
Local Asymptotic Normality (LAN) to study asymptotic optimal tests is rooted in Le Cam’s sta-
tistical work (see e.g. Le Cam (1986), van der Vaart (1998, 2002)). Choi et al. (1996) investigate
asymptotically uniformly most powerful (AUMP) tests in parametric and semiparametric models
through LAN technology.

The outline of the paper is as follows. In Section 2, we consider a linear latent factor model
and introduce GMM estimation and testing procedures for sphericity based on FA. We work under
a block-dependence structure to allow for weak dependence in the cross-section and to get con-
sistency of asymptotic variance estimators without imposing independence. Section 3 provides a
general theory for optimal maximin tests in strongly identified GMM models. The theory builds
on characterizing a limit Gaussian experiment under a block-dependence structure and unobserved
heterogeneity. Section 4 is dedicated to local asymptotic power, asymptotic distributions, and max-
imin properties of the trinity of tests for sphericity in the FA model. The maximin properties are
a by-product of the broad optimality results of Section 3. We run Monte Carlo (MC) experiments
in Section 5 to gauge the empirical size and power of our tests in small samples. We provide our
empirical application in Section 6. We reject sphericity on a large cross-section of U.S. stocks in
all subperiods between 1966 and 2023, which casts doubt on the validity of routinely applying
PCA to short panels of monthly financial returns. The presence of a common component driving

the variance of the error terms (Barigozzi and Hallin (2016), Renault et al. (2023)) might explain
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such a rejection. We collect our concluding remarks in Section 7. Appendices A and B gather
the regularity assumptions and proofs of the main theoretical results. Appendix C gives a spec-
tral characterisation of spherical models useful to distinguish constrained and unconstrained FA
models. Appendix D gives the characterisation of the unconstrained and constrained FA-GMM
estimators, and their feasible asymptotic distributions as well as the ones of the trinity of GMM
test statistics for sphericity under local alternative hypotheses. Appendix E in the Online Appendix
(OA) provides the detailed proofs of technical Lemmas 5-8 supporting the computations of Ap-
pendix D. Appendix F discusses practical implementation and provides a numerical study of the
performance of the new FA-GMM estimators. We put additional MC experiments in Appendix G.
Appendix H makes the link with the panel model of Chamberlain (1992) Section 4 and discusses
how we can incorporate second-order moment information in sets of orthogonality restrictions for
that model as in Arellano and Bonhomme (2012) Section 3.4 and our FA setting. Appendix I gives

the detailed proof of Proposition 3.

2  GMM Testing for Sphericity in Latent Factor Analysis

2.1 Latent Factor Model

We consider the linear FA model (e.g. Anderson (2003)):
yz:,u+Fﬁz+€lv 22177n7 (1)

where y; = (Yi1,....yir) and €; = (¢;1, ..., €, r) are T-dimensional vectors of observed data and
unobserved error terms for individual ¢. The k-dimensional vectors 5; = (3;1, ..., B;x) are latent
individual effects, while p and F' are a 1" x 1 vector and a 1" X k matrix of unknown parameters.
The number of latent factors k is an unknown integer smaller than 7". In matrix notation, model
(D reads Y = pul!, + F3' 4+ ¢, where Y and € are T' x n matrices, [ is the n x k matrix with rows

!, and 1,, is a n-dimensional vector of ones.



Assumption 1 The T' x T matrix V. := lim E[*e€'] is diagonal.

n—oo n

Matrix V7 is the limit cross-sectional average of the - possibly heterogeneous - error unconditional
variance-covariance matrix. The diagonality condition in Assumption 1 is standard in FA (in the
more restrictive formulation involving i.i.d. data). Assumption 1 allows for serial dependence
in idiosyncratic errors in the form of martingale difference sequences, like individual GARCH
and stochastic volatility processes, as well as weak cross-sectional dependence (see Assumption
2 below). It also accommodates common time-varying components in idiosyncratic volatilities
by allowing different entries along the diagonal of V.. The diagonality condition in Assumption
1 corresponds to the unconstrained model versus the constrained model with V. = 21y, for an
unknown scalar 5% > 0, i.e., sphericity.

This paper focuses on the trinity of GMM tests for sphericity when 7' is fixed and n — oo.
However, we can embed Model (1) as a particular case of the panel model of Chamberlain (1992);
see the beginning of Section 3. The theoretical results in Section 3 cover the optimal maximin
properties of the trinity of GMM tests in such a general framework. Hence our optimal theory has
broader applicability than only testing for sphericity with GMM tests in FA. In this section, we do
not outline explicitly the estimators and tests for the panel model of Chamberlain (1992) since we
do not use it in our empirics. They can been developed under the same lines as the ones below.

The fixed T' perspective makes FA especially well-suited for applications with short panels.
Indeed, we work conditionally on the realizations of the latent factors F' and treat their values as
parameters to estimate. Here, factors and loadings are interchanged in the sense that the 3; and
F play the roles of the “factors" and the “factor loadings" in FA.” We depart from classical FA
since the [3; are not considered as random effects (e.g. with a Gaussian distribution) but rather as
fixed effects, namely incidental parameters. Working with fixed effects avoids specific assumptions

on the randomness of heterogeneity. Moreover, in Assumption 1, we neither assume Gaussianity

"The use of FA in this paper shares similarities with the applications of FA in psychometrics, in which the compo-

nents of vector y; are mental tests scores and the observations units ¢ = 1, ..., n are individuals (Anderson (2003)).



nor cross-sectional independence. Hence, the FA-GMM estimators defined below correspond to
maximizers of a GMM criterion in a more general setting than in the standard literature on FA
(Anderson and Amemiya (1988)).

Let us introduce the usual normalization for the latent factor matrix F' = [F} : --- : Fi] in
population. Following classical FA, we set g = 0, V3 = Iy, and F'VUF = diag(vi, ..., Vi),
where pp = nlgglﬁ and V3 = nlggl@% with 8 := 13" 5 and Vs = L5 . BiB.. Then, under
our assumptions, we have V,, = plimVy = FF' + V,, where Vy = %}7}7’ is the sample (cross-
sectional) variance matrix (the ntzi)l.;mns of Y are yi —yand y = %Z?:l y; 1s the vector of
cross-sectional means) and V, V. ' F; = (1 + v;)F}, i.e., the F; are eigenvectors of matrix V, V!
associated with eigenvalues 1 + v;, j = 1, ..., k. In Assumption A.1, we also normalize the mean
and variance of the betas in sample, namely 3 = 0 and 175 = I. Those standardizations of
the factor loadings wash out the incidental parameter problem (Neyman and Scott (1948); see
Lancaster (2000) for a review) since the individual loadings do not appear in y, := plim ¥ nor in
V}» and we do not need to estimate them. It explains why we are able to get consistenn?oléDA-GMM
estimators for large n and fixed T in the below.?

The parameter set © is a compact subset of {6 = (u/, vec(F)', diag(V.)") € RP : V. is diagonal
and positive definite, F'V_"'F is diagonal, with diagonal elements ranked in decreasing order}
with p = T'(k + 2). Model (1) under Assumption 1 corresponds to the hypothesis H(k), while
the k-factor spherical model corresponds to the restriction V. = 62I7, for an unknown constant

o2 > 0, and yields the hypothesis H,(k) C H(k) . The complement of H,(k) in H(k), denoted

by H,(k), agrees with a non-spherical k-factor model with V_ ;; # V. ,, for at least one pair t # s.

8The sample normalization of the fixed effects can be simply obtained by linear transformation of parameters /i
and F' that are drifting with n. Indeed, suppose the DGP is y; = po + Fo B + €4, where fg = % Dy B; — 0 and
VB =1 2?21(52 —/15)(31' —fiz)" — I, asn — oco. Then, we have y; = [+ FB;+¢; with 8; = C,%—1/2(5~i —[iz)s
o= po + Foﬁg and F = FOXN/B1 / 20, where C' is the orthogonal matrix of the eigenvectors of IN/Bl /2 pr V;lFf/Bl 2
The fixed effects 3; meet the desired sample normalization. The drifting parameters fi and F' converge to o and Fj

as n — o0o. We omit dependence of parameters on n to ease notation.



The model under H (k) is a strict subset of the unconstrained model with general variance V,, for
any k up to kpax, where kpax = kmax (7)) is the largest integer such that the number of degrees of
freedom df = (T — k)*> — T — k) is strictly positive. Instead, H,(k) gives a strict subset of the
unconstrained model for £ up to 7" — 2 (see Lemma 4 and Corollary 2 in Appendix C). We show
in Appendix C that some Data Generating Processes (DGP) may admit FA representations with
different numbers of latent factors. We consider the representation with minimal £ when defining
models under H (k) and H,(k). In the design of the GMM tests in Section 2.3 below, we work
under the maintained assumption that the DGP admits an FA representation, i.e., & < kyax, Which
is the leading case for empirical applications in finance. Then, we test the null hypothesis H,(k)
against the alternative hypothesis H,(k). We determine the number of latent factors k by using
the consistent estimator & in FGS.° We implement the test with k and not kmax, Since there is no
guarantee that we can write V,, as F'F’ + V, with a T' X Ky, matrix F" having full column rank and

a T’ x T positive definite diagonal matrix V.

2.2 GMM Estimators in FA

A GMM approach to FA relies on the ¢ x 1 orthogonality vector lim + 3" | E[g(y;, 6p)] = 0,
n—oo

with g(yi, 0) := [(yi — ), vech(ysy; — 2(9) — pp')') and g = (T(T +3)/2) x 1, where %(0)) :=

FF'+V.and 9 := (vec(F), diag(V.)")'. Here, foraT x T symmetric matrix Z = (z; ;), we define

/
the 37(T + 1) x 1 vector vech(Z) = (\%Zn, o \%zT,T, {zi,j}iq) , where the out-of-diagonal

elements with indices i < j are ranked as (1,2), (1,3), ... , (2,3), ... (T'—1,T).1% The sample
N !/
average moment vector is g, (0) = 13" g(y;,0) = [(g — ) vech(V, + gy — 3(9) — up/)’] )

n

9We can develop distributional results for testing H, (k) against the alternative hypothesis of a non-spherical model
for k = kpax+1,...,T—2as well, i.e., when the DGP does not admit an FA representation. For the sake of conciseness,

we do not cover this case explicitly.
10This definition of the half-vectorization operator for symmetric matrices differs from the usual one by the ordering

of the elements, and the rescaling of the diagonal elements. It is more convenient for our lines of proof. For instance,

it holds £ || A||? = vech(A) vech(A), for a symmetric matrix A.



Then, the FA-GMM estimator with optimal weighting matrix is:
0 = argmin g, (0)'(V;) ™' §a(0), 2)

where matrix ‘79 1s a consistent estimator of the asymptotic variance in \/ﬁgn(éo) = N(0,V,) de-
fined in Section D.3 accounting for cross-sectional dependence. Vector § = (1, vec(F)', diag(V.)")’
involves V. := L E[ee'] instead of its large sample limit V. in order to center the moment vector and
guarantee the CLT after rescaling by /n. The degree of overidentificationis ¢ — (p— 2k(k—1)) =
df. In Section F of the OA, we provide an asymptotically equivalent FA-GMM estimator which
is easier to compute numerically as it yields the estimate of y in closed form as a function of .
We also explain how we can compute numerically the FA-GMM estimators of ¢ based either on a
Newton-Raphson (NR) algorithm or a zigzag algorithm (Magnus and Neudecker (2007), Hautsch
et al. (2023)). In the latter, the step to update parameter matrix F' for given V. corresponds to a
weighted low-rank approximation problem. Due to the general form of the weighting, the solution
is not obtained through Singular Value Decomposition as in the zigzag algorithm for PML estima-
tion. We use the ideas in Manton et al. (2003), namely we solve an inner minimization problem
for diag(F'V_"'F) in closed form, and then apply the NR method to the outer minimization after
concentration to obtain the normalized columns of VE_I/ 2F. In Section F.3 of OA, we provide a
comparison of the numerical performance of these algorithmic choices. We find a strong advan-
tage of the NR algorithm in terms of computational speed, and thus we run our MC experiments
(Section 5) and our empirics (Section 6) with that one.

To establish the asymptotic normality of vector \/ﬁgn(éo) beyond an i.i.d. setting, we use a
block-dependence structure for the error terms as in FGS. It allows for weak cross-sectional de-
pendence and heteroschedasticity in idiosyncratic errors as in approximate factor models (Cham-

berlain and Rothschild (1983)).

Assumption 2 (a) The errors are such that € = %1/2W5]1/2, where W = [wy : -+ 1 wy]isaT xn

random matrix of standardized errors terms w;, that are independent across i and uncorrelated



across t, with E(|w;|*") < C uniformly in i,t, for constants C > 0 and r > 1, and ¥ = (&, ;)
is a positive-definite symmetric n X n matrix, such that nh_)rrolo % Yo, 04i = 1. (b) Matrix Y is
block diagonal with J,, blocks of size by, ,, for m = 1, ..., J,, where J, — oo as n — oo, and
B,, denotes the set of indices in block m. (c) There exist constants € [0,1] and C' > 0 such
that Imax > jen 10igl < C’bim. (d) The block sizes by, ,, and block number J, are such that

n-" ;]::1 bsz}ﬁ) = o(1) and n=32 "7 B2 = o(1).

m=1"mmn

The block-dependence structure as in Assumption 2(a)-(b) is satisfied, for instance, when there
are unobserved industry-specific factors independent among industries and over time, as in Ang
et al. (2020). In empirical applications, blocks can match industrial sectors (Fan et al. (2016)).
Assumption 2(c) covers within-blocks sparsity when 0 < 1, but it does not impose it since we
allow & = 1. Assumption 2(d) generalizes the condition used in FGS, which applies for r = 2, to
any r > 1, i.e., we require existence of error moments at an order slightly above the fourth one

(finite kurtosis). With blocks of homogeneous size b,,,, = Cn®, & > 0, Assumption 2(d) holds if

r—1
r(o+1)—1

a < min{%, }. Assumption 2 covers both the null hypothesis of sphericity of V. and the

alternative hypothesis of deviations from it.

2.3 GMM Tests in FA

We consider the usual trinity of test statistics in the GMM framework outlined in the previous
subsection, but in an FA context. The sphericity of V. under the null hypothesis corresponds to
T — 1 linear constraints a(0) := L _diag(V.) = 0, where Ly, isa T x (T — 1) full-rank matrix
such that LlTL’lT = Ir — %1T1’T and L’lTLlT = Ir_1. The Wald (W), Lagrange Multiplier (LM)
and Likelihood Ratio-type (LR) statistics are defined by (see e.g. Newey and McFadden (1994) for

the general case and Satorra (1989) for covariance structure analysis):

G =n¥ QA R =n(Qu0)-Qu0),  ©)

10



where vector \ stacks the 7' — 1 Lagrange multipliers for the minimization of the GMM crite-
rion Q,(A) = §,(0)'(V,)"'4.(#) for # € © under the constraint a(d) = 0, and vector ° is the
vector of constrained FA-GMM estimates. Matrix Qy = L’lTivsLlT 1S a consistent estimator
of the asymptotic variance in \/na(f) = N(0,Qy ), based on the unconstrained FA-GMM es-
timator 6, where Yy, is the asymptotic variance of \/ﬁdiag(‘z — ‘75) characterised in Appendix
D.1. Matrix §) LM = ( ’lelf/s L1T>1 is a consistent estimator of the asymptotic variance in
\/ﬁj\ = N(0,Q7), based on the constrained estimator 0c.'" The trinity of FA-GMM test statis-

tics is made of (3).

3 Optimal Maximin GMM Tests

In this section, we provide a general theory for optimal maximin tests in strongly identified GMM
models. The theory exploits a limit Gaussian experiment given in the next subsection for a block-
dependence structure (like Assumption 2) and unobserved heterogeneity instead of i.i.d. obser-
vations. The characterisation of the Gaussian experiment in a non-i.i.d. context is not a direct
application of the available results for the i.i.d. setting. The moment specification covers our FA
model where heterogeneity is driven by means affine in fixed effects (see Section 4). It also covers
the panel data model of Chamberlain (1992) Section 4. To recall that framework, let us consider

the i.i.d. random vector y; = (), z/)" with )); being vector-valued, so that

Vi = d(z;,¢) + R(zi, ()8 + &, 4)

where z; is a vector of observed regressors, ( is the vector of parameters for known functions d
and R, and f; are treated as random coefficients. His approach consists in using the assumpion

Elei|z;, 8i] = 0, to get a system of orthogonality restrictions involving the finite-dimensional pa-

"'"The link between the Lagrange multipliers vector and the score, i.e. A= —L 8(21?;} ((9‘2) , implies the equivalence

of the LM and score statistics in the GMM setting with optimal weighting matrix (see Newey and McFadden (1994)

for the general result).
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rameters ¢ and ¢ = E|[3;], such that the associated GMM estimator is semiparametrically efficient.
Specifically, he shows how to obtain a matrix of instruments B(z;, ) such that B(z;, () R(z;, () =:
F(Q) is independent of z;. Then, from (4), we have B(z;, ()[); — d(z;, ()] = F({)f; + u;, where

u; = B(z;,()e; and Efu;] = 0. Chamberlain (1992) gets the orthogonality restrictions:

E[B(z, Q)(Yi — d(z;,¢)) = F(¢)¢] = 0. )

In our fixed effect setting, we get ¢ = pug = nhg; % >, Bi. Equation (5) takes the form:
nh_}n;() Ly Elg(yi,0)] = 0, where 6 gathers ¢ and ¢. In the next subsection, we consider simi-
lar sets of orthogonality restrictions but under heterogeneous distributions I ; for y; and allowing
for cross-sectional dependence. Hence, our theory on maximin GMM tests also applies to panel
model (4). The particularity of the FA model presented in Section 2 is that we can simply take
B(z;,¢) = I since matrix R does not depend on z;. Moreover, by the latent factor structure,
we can take the normalisation ¢ = 0, so that those parameters do not appear in the orthogonality
restrictions. In Appendix H in the OA, building on Arellano and Bonhomme (2012) Section 3.4,
we further show that the stacked vector ()/, (J; ® );)')’ yields conditional moment restrictions of
the type studied by Chamberlain (1992) written for an augmented vector of individual effects and
parameters. It paves the way to incorporate second-order moment information in sets of orthogo-

nality restrictions for panel model (4) as in our FA setting.

3.1 Gaussian Experiment for Strongly Identified GMM

Let us consider the GMM orthogonality restriction nhlgj L Eny.l9(yi, 00)] = 0, where the Py ;
are unknown possibly heterogeneous distributions for random vectors y;, g(-, 6) is a g-vector of
known orthogonality functions and 6, € © C RP? is an unknown parameter vector, with ¢ > p. In
the i.i.d. case, Pp; = Fp, i = 1,...,n. We test the null hypothesis Hy : a(fy) = 0, or equivalently
0y € Oy := {0 € © : a(f) = 0}, where a : © — R is a differentiable function, with r < p
and A = % has full row-rank. To study the local power of test statistics, the sequence of
local alternative hypotheses F, is such that = >°" | Ep, [9(y:,0,)] = 0 for all n € N, where

12



0, = 6y + \/Lﬁh, with h € RP, and {P,; : i« = 1,...,n} is a triangular array of probability

distributions. We assume that:

T T I E SR ) (6)

where the x; are independent random vectors with possibly heterogeneous distributions (),, ; with
pdf ¢,,;, fori =1, ..., n, and S is a nonsingular block-diagonal 7 x n matrix, with diagonal blocks
Sy, of size by, ,,, form =1, ..., J,,. The block structure is known, while matrices .S,,, are unknown
nuisance parameters, |S,,| = 1 without loss of generality, and subject to conditions introduced
below to control the degree of cross-sectional dependence when the number J,, of blocks diverges

as n — oo. Setting S = I, gives the independence case.

Assumption 3 The family g, ; is quadratic mean differentiable (q.m.d.) such that /¢, .(v) —

Vq,i(T) = foq V@,i(%) + Ry i(z), foranyi=1,...nand v € RT, where f{ € T(Qo,;) :=
{f € La(Qoy) : [ f(2)qoi(x)dx =0} and [|R] ,(x)]*dx = O(n%) uniformly in i, with o > 1.

The linear space 7(Q) ;) is the tangent space for distribution () ; with pdf ¢ ; prevailing under
the null hypothesis, and a measurable function f € T(Qo ;) is called a score (van der Vaart (1998)
Chapter 25). For h = 0 and f! = 0 for all 4, we get the null hypothesis, while for Ah # 0, we
get a sequence of local alternative hypotheses converging to the null hypothesis at rate n'/2. In the
definition of the q.m.d. property in Assumption 3, we use a stronger decay O(i) with o > 1,
for the squared L? norm of the remainder term, instead of the usual decay 0( ) of the i.i.d. case
(LR, Chapter 12, Chen and Santos (2018), Section 3.1.2, Andrews and Mikusheva (2022), Eq.
(2)), since we want to accommodate a block-dependence structure (Assumption 2). Here, we face

a trade-off between the rate o and the granularity of blocks.

Assumption 4 In block structure (6), the block sizes by, ,, are such that n—r/2 (k’% Z b3

mlmn

,lr(;f/q; Zm 1 mn) = o(1), where p := min{%(l — 1) 1} > 0 forr > 1. Constantr > 1 is
9(yi, 00)117] < C and Eq, ;[(f](2;))%] <
(yi,00)]1%7] < C forall i, n.

related to higher-order moments, i.e., we have Ep,, [

C, for alli, j and a constant C > 0, and Ep, , |
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Assumption 4 is stronger than Assumption 2(d).!> It entails a trade-off between the existence
of higher-order moments and the strength of cross-sectional dependence. Indeed, for r < 2,
smaller values of moment order 27 imply smaller values of coefficient p, which in turns requires
more granular blocks. With cross-sectional independent errors (and v > 2), Assumption 4 is met
as soon as r > 1, i.e. the orthogonality vector and the score admit moments at order slightly
above two. With blocks of homogeneous size b,,,, = Cn®, & > 0, Assumption 4 holds if & <
min{p/4, (p+«a)/2—1}. It requires p+a > 2, which holds if, and only if, r > 2. To simplify
the proofs, in Assumption 4 we state the bounds on higher-order moments uniformly across . We
can relax uniformity at the cost of more cumbersome conditions on the block sizes b, ,.

The blocks Y,, = [y; : i € Byl, form = 1,..., J,, are independent with joint densities
P (Ym) = ' (YmS,,'), where ¢ (X.,) == [I,cp, Gni(2:) and By, denotes the set of indices in
block m. We obtain the individual densities p,, ;, for i € B,,, from p]" by marginalization. We
define similarly the densities py’, g;* and pg; by replacing g, ; with ¢o; in the definition of g ".
The next lemma shows that the densities g;' and p,, ; inherit the q.m.d. behavior of ¢, ; through an

adequate block-aggregation and marginalization of the initial f € T'(Qo.).

Lemma 1 Let Assumptions 3 and 4 hold. ~ We have (a) /q"(Xm) — V@i (X,) =

2\Ffm VA (X)) + R X)), for X,, € RT*0mn where f,,(X,,) = Soien, [i(x) is
such that f,, € T(le , and f R™(X,)2dX,, = O(b2 W ::" + n_a)) (D) pni(y) — poi(y) =

TP Wpoi(y) + Ry ,(y), fory € RT and i € By, where f{(y) = Epp[fm(YnSy )y = ]

is such that f{ € T(Py;) with the conditional expectation Epn[-ly; = y| being w.r.t. the rv. Yy,

in block m, and the remainder R}, ; is such that = 37" | [ g(y;00)17(y) R} ,(y)dy = o(\/iﬁ) where
17(y) == U9y, 60)I| < 7} with T, = n== logn.

2Indeed, Assumption 4 implies b,,, = O(y/n) as a necessary condition. Then, n~" 21{:’:1 brm(li ) <

nr S w2 = O(#Z b3, ) = o(1) for r > 3/2. Moreover, for r < 3/2, by the Holder inequal-

m=1"m,n m=1"m,n

Ji-2r/3 2r/3 2r/3
ity we have n=" 3.7 b, < e (Zm b3 n) < <n5/2 — Zm . mn) = o(1) because
5/2 — 3/(2r) > 1+ p/2. Further, because o < 2 and p < 1, the condition (p+a)/2 Zm 1 b2, = o(1) implies

nd/z Zm 1 m n = =o(1).
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In Lemma 1(b), we consider the difference of two pdf, instead of the difference of square roots
thereof as in the usual definition of q.m.d., and we control the order of the remainder term Rgi
through the average truncated L? scalar product with the orthogonality function, since this bound
is needed for the rest of our analysis (see proof of Lemma 2).

We assume that = > | Ep [g(yi, 00)] = of Otherwise, the null hypothesis H, for the

\f)
parametric test implies a local alternative hypothesis for the validity of the moment restrictions,
which instead is a maintained hypothesis under both the null and local alternative hypotheses for
the parametric test. Then, we have the next result linking the population covariances of f*(y;) and
9(yi,00), 7 = 1,...,n, with vector h. Indeed, the required validity of the orthogonality restriction
LS Ep,.l9(y:,0,)] = 0 for any n for the sequence of local alternative hypotheses defined by
0,, and P, ;, implies that vector h € R? and functions f/ € T(P,;), i = 1,...,n, are linked. In
an heterogeneous context driven by P, ;, ¢ = 1, ..., n, that link is instrumental for the local power
analysis of a semiparametric model based on a limit Gaussian experiment that we establish below.
Without ensuring = >~ | Ep, [g(y;,0,)] = 0, we cannot control the "directions’ f obtained from
the initial scores f;, from which the sequence of the data generating process P, ; approaches P,

i = 1,...,n, at rate 1/+/n in the sequence of local alternative hypotheses. It exemplifies a key

difference w.r.t. an i.i.d. setting where it holds trivially.

Lemma 2 Under Assumptions 3-4, lim 13" (Epoli[g(yi, o) f7(y:)] + Enp, i[ag(géioo)]h> =0.
n—r00 ’ ’

Let P, and P be the joint probability distributions for n-tuple samples [y1 = - 1y =
[y © -+ : x,]S with the z; independent draws from @, ;, and from )y;. Matrix S is the same

under B, and I} and meets Assumption 4. The index f subsumes dependence of P!, on score

functions f; and vector h. The likelihood ratio L,, ; :=

In m JIn m In n
:HM: qn(Xm)_HM H .
m(Ym) m=1 q81<Xm> HzeBm QO1 0, l‘l

by the independence of the Y,, among blocks, and the independence of the x;. This product rep-

m=1 i=1

resentation of the likelihood ratio does not depend from the characteristics of the block struc-
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ture but only on the assumption that data is a one-to-one right-transformation of random matrix

[y : -+ : z,] with independent columns.!?

Let o i= lim 2570, Ep, [24820), V, := lim Epy | (5 X0, 9l 00)) (5 Xy 9(0i00))')-

and Yo := (J§V;'Jo)~', and assume validity of a CLT for the sample moment vector under the

null hypothesis (see Lemma 7 for the statement in the FA-GMM setting).
Assumption 5 We have \/Lﬁ Yo 9(yi, 60) = N(0,V,), under Fj.

Proposition 1 Let Assumptions 3-5 hold. (a) We have log L, f = Z, y — %O'J% + opp (1), where

Zw=:%zﬁmm::fzmﬂmmmawﬁ:=ggEM@MH=
llm L3 S (2)]Pqo,i(x)dz. Moreover, (b) under Py, we have Z,, y = N(0,0%) and

log L, s = N(— af,af) ()

(c) The sequences P o f and P§ are contiguous. (d) We have :

1 _ 1
log Ln,f = h/Z’;kL —_ §h/20 lh + Zé— _ 50’3_ —|— OP(’)VL(1>7 (9)
where 7 = —J(’]Vg_lx/iE S 9(yi,00) and Z:- are asymptotically mutually independent, and

distributed as N'(0, X3") and N'(0, 0% ) under Py, with o5 = 'S5 h + o7,

When we multiply aj% by 4, we get the limit cross-sectional average of the so-called Fisher Infor-
mation for the q.m.d. families associated to the scores f € T(Q;). The latter are mapped into
the random variable Z,, ; € T(P}'), where T'(F}') denotes the linear space of square integrable,
zero-mean random variables under FJ'. The moment restriction lim \/Lﬁ Y1 Epy.lg(yi00)] =0

n—oo

implies that the components of vector \/Lﬁ > g(yi, 0o) belongs to space T'(PF') up to a term o(1).

3We cover model (4) by assuming ) := [V; : --- : V] = [z1 : -+ : 2,]S, with the z;; independent draws from
Qn,i» and from Qg ;, but conditionally on Z = [z1 : -+t z,]. We further assume that regressors Z are exogenous for

the testing problem at hand, i.e., the distribution of Z is the same under P! ; and F". Then, we get decomposition (7)

pn(Y) _ pa(XZ2) _ In ;n(X ) _ Hn qn,i(Zi)

as follows: L, = o = o012 = im=1 gy = iz oo ie
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Hence, we have the decomposition T(P}) = " @& -, where J£* is the ¢-dimensional linear
subspace of T'(P}') spanned by \/Lﬁ S (95(vi, 60) — Epy,95(vi, 00)]). for j = 1,...,q, and -
is the orthogonal complement of .72 in T'( ') w.r.t. the standard Ly (FP}') scalar product. In the
proof of Proposition 1(d), we use Lemma 2 to show that the projection of Z,, ; onto .72 is given by
W Zy+-opp(1) while Z: is the projection of Z,, ; onto the orthogonal complement 7%-. In particu-
lar, the projection onto .77, depends asymptotically on the sequence of local alternative hypotheses
via vector h € R? only. In (9) the log likelihood ratio is the sum of a first part that characterizes a
LAN parametric model (see Definition 13.4.1 in LR), with ’sufficient statistic’ Z and ’parameter’
h, and a second part that corresponds to the nonparametric ’nuisance’ contribution induced by Z:-.
From Proposition 1 and joint asymptotic normality of \/iﬁ >y 9(yi,6p) and log L, ; with asymp-
totic covariance —Jph under FJ', Le Cam’s Third Lemma (LR, Corollary 12.3.2) implies under
ni*

1 n
7 > 9yi,00) = N(=Joh, V). (10)
=1

The Gaussian random vector N (—.Jyh, V) yields the Gaussian experiment for our problem. We
can estimate matrices Jy and V; consistently (see Section D.3 for the FA-GMM setting). If we
consider matrices Jy and V, given, the Gaussian experiment corresponds to a generalized linear
regression model under Gaussian errors with a single g-dimensional observation, a p-dimensional

unknown parameter vector h, and design matrix Jy. The null hypothesis is the linear restriction

Ah = 0.

3.2 Maximin GMM tests

Let us now establish a characterisation of asymptotic power of tests in terms of Gaussian experi-
ments building on the arguments used in the proof of Theorem 13.4.1 in LR. Consider a sequence
of tests ¢,, i.e., a sequence of functions on sample space )", where ) is the sample space of
one observation, with values in [0, 1]. Let 5, 7(¢n) := Epn [¢,] denote its power under the se-

quence of local alternative hypotheses. From Proposition 1(d), and by using a tightness argument
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and Prohorov Theorem, for any subsequence n;, there exists a further subsequence n;,, such that
(fn,,. 5 Z;Z Zijm)’ = (¢, 2", Z+), under P,"™, where ¢ is a random variable admitting values
in [0, 1] living on the same probability space as Z* and Z1, i.e., the weak limits of Z* and Z:-.
Then, from (9), we get (¢, , Ly, r) = (¢, exp{l'Z* — WSy h + Z+ — 102 }), under Py,

and thus
n ! r7x 1 IN—1 1 1 2

where E|[-] denotes the expectation w.r.t. (¢, Z*, Z+)". Suppose that the test sequence ¢, is
such that its weak limit ¢ is independent of Z*. It occurs e.g. for tests that are based on LAN
GMM estimators such that 0, = 6 + %, \/EZ* + opn ( ﬁ), or more generally tests that are

based asymptotically on transformations of — Z¢:1 9(yi,6p). This class includes the W, LM

and LR statistics. Then, since Elexp{Z+ — 1ai | = 1, the expectation in the RHS of (11) is
equal to E[pexp{h' 2" — 'S5 hY] = B2 [ mg(=") exp{l'z" — $h'Sg'h — L252 }de =

En[my(Z)], where my(z*) = E[¢|Z* = 2*] is the conditional expectation under the joint distri-
bution of (¢, Z*')', and E},[-] denotes expectation w.r.t. random variable Z ~ N (X5'h, ¥51) with

parameter h. It follows:
B (Dns,,) = Enlmg(Z)]; (12)

for a further subsequence n;,, of any subsequence n;, and a test function m; in the Gaussian ex-
periment Z ~ N(X5'h,X51). Since Z = $gZ ~ N(h, %), we can write the limit in (12)
equivalently as F,[¢(Z)] for a test ¢ in the Gaussian experiment Z ~ N (h, ;). The matrix 2,
corresponds to the inverse of the Fisher Information matrix in usual likelihood theory for the Gaus-
sian experiment with unknown h and known 3. Moreover, Z corresponds to the GLS estimator,
i.e., the sufficient statistic in the Gaussian linear regression model implied by (10).

We now use the subsequence convergence in (12) to get an upper bound in the maximin sense,
1.e., the optimal power against the least favorable directions among the local alternative hypotheses

(LR, Chapters 8 and 13.5.3). For linear hypotheses on vector / in the Gaussian experiment Z ~
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N (h, ), the chi-square test is maximin optimal (see Lemma 3 and Problem 8.29 in LR) and we

can build on the arguments in the proof of Theorem 13.5.4 in LR to get the next result.

Proposition 2 Let ¢,, be a sequence of tests such that Epr|b,] — «, with o € (0,1), and the
subsequence weak limit is independent of Z+. Under Assumptions 3-5, we have for any N>, > 0:

limsup inf{f,, ((¢n) : RA(AS A TARL > N2 ) <1 — Fegae ) (Criza); (13)

n—oo

where F\2(, 2 y is the cdf of the chi-square distribution with r degrees of freedom and non-

2

nc’

centrality parameter X, and ¢, _, is the (1 — «)-quantile of the central chi-square distribution

with r degrees of freedom.

The quadratic form W' A’(AXyA’)"'Ah is the non-centrality parameter of the non-central chi-
square distribution of ¢ = Z'A’(AXyA’)"'AZ under the Gaussian experiment Z ~ N (h, ).
The test that rejects for large values of ( is maximin optimal for the linear hypothesis Ah = 0.
The W, LM and LR GMM tests are ¢, = {€Y > ¢,.1_4}, for U = W, LM, LR. Under standard
regularity conditions, which we establish for the sphericity test in the FA model in the next section,

they satisfy the next assumption.

Assumption 6 For the W, LM and LR GMM tests, ¢, meets the conditions of Proposition 2
and the asymptotic local power is such that B, (¢n) — 1 — Fy2paz)(Cri—a), with X2, =
h A (ASg A"~ Ah.

In particular, independence of the weak limit ¢ from Z+ holds, because the GMM tests are asymp-
totically quadratic forms of affine transformations of the sample orthogonality vector
\/iﬁ S 1 9(yi,00). The asymptotic power is increasing with A2 . Then, Inequality (13) holds

as an equality, and we deduce the maximin optimality for the trinity of GMM tests.

Corollary 1 Under Assumption 3-6, the W, LM and LR GMM tests of the null hypothesis

Hy : a(by) = 0 are asymptotically maximin optimal.
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4 Maximin Sphericity Tests

In the framework of Section 2 with composite null and alternative hypotheses and multi-dimensional
parameter, we cannot expect in general to establish Uniformly Most Powerful (UMP) tests. In-
stead, we can establish optimality with the broad maximin results of the previous section. To see
this, let us study the asymptotic power of the test statistics against local alternative hypotheses in
which we have a local deviation from sphericity. Specifically, under Hi j..(k), we use the matrix

=2 1 ~2
Vetoe == 0711 + \/—EAE, where &

> 0 and A, # 0 is a diagonal matrix normalized such that
tr(A:) = 0. Variance V_ . is positive-definite for n large enough. The normalization tr(A.) = 0
is feasible by subtracting a multiple of the identity and including the latter in the spherical compo-
nent. By setting tr(A.) = 0, we use r = T — 1 parameters to describe the local alternative, that
is the number of restrictions of the test. Under the local alternative H ;,., the parameter 6,, is such
that a(0,,) = \%5, with 0 := L}_diag(A.).

To link this section with the previous one, let us characterize the heterogeneity and cross-
sectional dependence in the sphericity test for the FA model. We have Y = [z : --- : x,]S, with
x; = m;(0) +V51,742w2~, and S := X'/2, where the mean m;(6) = ps; + Fy, involves scalar s;, i.e., the
ith element of vector (S7!)'1,, vector 7, i.e. the ith column of 3'S™!, and the variance is Ven =
oIy + %Ag. Hence, we have g, ;(7;) = |Ven| Y20 (V;Tnl/Q(xi — mi(Qo))> , where the pdf ¢; of
vector w; is normalized with mean zero and variance the identity matrix for all 2. The score func-
tion for the q.m.d. condition in Assumption 3 is f(z;) = —555[V log ¢; (67 (z; — m;(6p)))] A,
(67 (z; — m;y(6y))), where V denotes the gradient operator. In Proposition 3 below we show that
Assumptions 3 and 6 are met in the FA model under the regularity conditions in our Assumptions
A.1-A.8. Moreover, the mean m;(#) is affine in the fixed effects. As already mentioned, in our
FA-GMM setting, we avoid the incidental parameter problem through the standardizations 3 = 0
and ‘75 = I;. On the contrary, if the mean function m;(#) is nonlinear in the fixed effects, then

we get inconsistent estimates for 6y, when 7' is fixed. As discussed in Hahn and Newey (2004)

for example, this inconsistency occurs because only a finite number of observations are available
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to estimate each individual effect. Hence, the estimation error for the individual effects does not
vanish as the sample size n grows, and this error contaminates the estimates of parameters of inter-
est. Arellano and Bonhomme (2012) and Bonhomme (2012) investigate the incidental parameter
problem in random coefficient models for fixed 7. The next proposition states the asymptotic dis-
tributional equivalence of the trinity of GMM test statistics for sphericity under local alternative

hypotheses. Appendix I of OA gives its detailed proof.

Proposition 3 Under Assumptions 1, 2 with condition (d) replaced by condition % T{;L:l bf’nm—l—
ﬁ 7{::1 b?nm = o(1), A.1-A.8, and the local alternative hypothesis Hy j,.(k), as n — oo

and T is fixed, we have £¥ = &V + 0,(1), for U = LM, LR, and £¥ = x*(T — 1,)%)),

for U = W,LM, LR, where the noncentrality parameter of the chi-square random variable

AT — 1,02 ) with T — 1 degrees of freedom is

loc

Ao 1= 0'Qy10 = diag(A.) Ly, (LY, Sy, Ly, )" Ly diag(A.). (14)

loc

Moreover, Assumptions 3-6 for establishing validity of the Gaussian experiment hold.

The maximin properties of the GMM tests in FA is thus a direct consequence of Corollary 1

by taking r = T — 1 and \3, = \?

loc*

The asymptotic distribution under the null hypothesis of
sphericity obtains by setting 6 = 0. The proof of Proposition 3 in Appendix D.3 relies on adapting
the standard distributional results of the GMM literature (see e.g. Newey and McFadden (1994)).
In particular, for FA-GMM inference, we need to explicitly address the normalization of the pa-
rameters corresponding to the latent factors. The asymptotic equivalence stated in Proposition 3
breaks down if we do not use an optimal weighting matrix in the GMM criterion, and we end up
with weighted sums of noncentral chi-square random variables. For example, it happens when we
compare directly a constrained and unconstrained Gaussian pseudo likelihood (see FGS), which
do not exploit optimal weighting in their construction. We can show that the second-order ex-
pansion of the Gaussian pseudo likelihood criterion underlying the FA estimator of FGS yields

(minus) a GMM criterion with a non-optimal weighting matrix (V;))~' @ (V;’)~'. Besides, we
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also have asymptotic distributional equivalence with a test statistic based on the Hausman princi-
ple (Hausman (1978)), i.e., considering a test statistic based on a weighted quadratic form in the
difference between constrained estimator ¢ (efficient but not robust to deviation from sphericity)

and unconstrained estimator ¢ (robust but not as efficient).

5 Monte Carlo Experiments

This section gives a Monte Carlo assessment of size and power for our trinity of sphericity tests
under non-Gaussian errors. Let us start with a description of the DGP similar to the one under-
lying the MC experiments in FGS. The good numerical performance reported in Section E.5 of
OA for FA-GMM estimates motivates us to choose a Newton-Raphson algorithm for the criterion
minimization (see description in Section F.2.1 of OA). In the DGP, the betas are j3; N (0, Iy),
with k = 2, and the matrix of factor values is F = V:/2UTY/2, where U = F(F'F)~'/? and
vee(F) ~ N(0, Iry). The diagonal matrix I' = T'diag(3,2) yields =F'V.\'F = diag(3,2), i.e.,
the "signal-to-noise" ratios equal 3 and 2 for the two factors. Under the null hypothesis of spheric-
ity (DGP1), we set V. = Ir, and we generate the idiosyncratic errors by ¢;; = hilfzw, where
hiy = ¢ + aih,-7t_1zi27t_1, with 2, ~ IIN(0,1). We use the constraint ¢; = 0;;(1 — «;) with uni-

Cq

form draws for the idiosyncratic variances V'[e;;] = 0y ~ U[1,4], so that V[e;,] = %= = 0.

Such a setting allows for cross-sectional heterogeneity in the variances of ¢;; under sphericity
with 6% = nlgglo 13", 0ii. The ARCH parameters are uniform draws «; ey [0.2,0.5] with an
upper boundary of the interval ensuring existence of fourth-order moments. Under the alterna-
tive hypothesis (DGP2), we generate the diagonal elements of V. = diag(h, ..., hr) through a
common time-varying component in idiosyncratic volatilities (Barigozzi and Hallin (2016), Re-
nault et al. (2023)) via the ARCH h; = 0.6 + 0.5h;_122 ,, with 2; ~ IIN(0,1). This com-
mon component with unconditional variance V[h;/*z,] = 0.6/(1 — 0.5) = 1.2 induces a devi-
1/2

. . L . 1/2
ation from spherical errors. We generate the idiosyncratic errors by ¢;; = ht/ h;% 2+, where

hiy = ¢ + aihi7t_1zi27t_1, with z;; ~ IIN(0, 1) mutually independent of z;. We use the constraint
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. . L ) . j.i.d.
¢i = 0ii(1 — ;) with uniform draws for the idiosyncratic variances Ve;;] = oy "~ U[1,4],

so that Ve, ./ ht1 / 2] = lf—% = oy;. Such a setting allows for cross-sectional heterogeneity in the
variances of the scaled ¢, ;/ h% 2 To study local power (DGP3), we set the diagonal elements of
V. = diag(hy,...,hy) with hy = 1.2 +1/\/n, t = 1,...,T — 1, and hy = 1.2 — (T — 1)/\/n,
so that ;; = ﬁi/ thlfz,-ﬂf. We generate 5000 panels of returns of size n x T’ for each of the 100
draws of the T" x k factor matrix /' and common ARCH process h;, t = 1, ..., T, in order to keep
the factor values constant within repetitions, but also to study the potential heterogeneity of size
and power results across different factor paths. The factor betas [3;, idiosyncratic variances o;;, and
individual ARCH parameters «; are the same across all repetitions in all designs of the section. We
opt for three different cross-sectional sizes n = 500, 1000, 5000, and three values of time-series
dimension 7" = 6, 12, 24. The p-values are computed over 5, 000 draws.

We provide the empirical size and power results in % in Table 1 for the W test. The results for
the LM and LR tests gathered in Section G of the OA are similar. The number of latent factors is set
equal to two.'* Size of all tests is close to its nominal level 5%, with size distortions smaller than

1%, except for n = 500. Power computation is not size adjusted. Global power is close to 100%.

Local power ranges is above 22% and reaches 100% for T' = 24. The asymptotic local power can

2
loc

its value for 7' = 6, 12 and 24 is 19%, 83%, and 100%. The MC outputs for n = 5000 are close

be computed from the noncentrality parameter \; . given in (14) using the DGP parameters, and
to those numbers as expected from asymptotic theory. The approximate constancy of local power
w.r.t. n, for large n, is coherent with theory implying convergence to asymptotic local power. We
can conclude that our testing procedure for sphericity with FA-GMM estimates works well in our
simulations, and should be relevant for applied work.

As a final remark, when sphericity fails, the huge Bias, Standard Deviation, and Root Mean
Square Error exhibited by the PCA estimates in the numerical study of Section E.5 in OA play

against relying on them in short panels. It is not the case for the unconstrained FA-GMM and PML

14The numbers are similar with an estimated k.
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estimators.

34 Size (%) Global Power (%) Local Power (%)

6 12 24 6 12 24 6 12 24

n =500 | 6.5 6.2 62 93 99 100 29 98 97

0.4) (0.3) (0.3)|(17.2) (0.0) (0.0 (11.4) @&6) (1.2
n=1000| 5.8 57 56 97 100 100 26 95 100
(0.3) (0.3) (0.3) | (12.9) (0.0) (0.0) | (10.3) (8.0) (0.0)
n=>5000| 54 53 5.2 100 100 100 22 90 100
(0.3) (0.3) (0.3)| (0.0) (©.0) ©0.0)| 9.00 (129 (0.0)

Table 1: For each sample size combination (n,T"), we provide the average size, power, and local
power in % for the test statistic £/ under DGP1-3. Nominal size is 5%. In parentheses, we report
the standard deviations for size, power, and local power across 100 different draws of the factor

path. The number of latent factors is set equal to two.

6 Empirical Application

In this section, we test the sphericity hypothesis in short subperiods of the Center for Research
in Securities Prices (CRSP) panel of stock returns. We consider monthly returns of U.S. com-
mon stocks trading on the NYSE, AMEX, or NASDAQ between January 1963 and December
2023, and having a non-missing Standard Industrial Classification (SIC) code. We partition sub-
periods into bull and bear market phases according to the classification methodology of Lunde
and Timmermann (2004).'> We implement the sphericity tests using nonoverlapping windows of

T = 20 months, thereby ensuring that we can allow for up to 14 latent factors in each subperiod

I5We fix their parameter values A\; = Ay = 0.2 for the classification based on the nominal S&P500 index. Bear

periods are close to NBER recessions.
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(see FGS).!¢ The size of the cross-section n ranges from 1768 to 6142, and the median is 3680.
We only consider stocks with available returns over the whole subperiod, so that our panels are
balanced. In each subperiod, we sequentially test for the number of factors to get a consistent
estimate & of the number of latent factors based on the likelikood ratio test of FGS.!7 We compute
the variance-covariance estimator using a block structure implied by the partitioning of stocks by
the first two digits of their SIC code. The number of blocks ranges from 61 to 87 over the sample,
and the number of stocks per block ranges from 1 to 641. The median number of blocks is 76 and
the median number of stocks per block is 21. We display the values for the W test statistic over
time for each subperiod in Figure 1 on the right vertical axis, while the red horizontal segments
give k, i.e., the estimated number of latent factors on the right vertical axis. The red dotted line
corresponds to the critical value of a x*(19) distribution at significance level 5% /35, where 35 is
the number of windows, i.e., a Bonferroni correction. We reject strongly the null hypothesis of
sphericity,'® and this for all subperiods with values ranging from 64.6 to 466.8. Evidence against
the null hypothesis is not necessarily larger around market downturns with large k. We prefer to
plot the values of the Wald test statistic instead of their associated p-values since the p-values are
tiny. For example, the asymptotic distribution, which is here the one of a x%(19) r.v., already gives
a p-value of 5.3557 x 10713 when £ = 100. In line with our Monte Carlo results in Table 1,

since we have large cross-sections of stocks in each subperiod, we benefit from the good power

160Our empirical results also hold with 7' = 16 and T = 24 or overlapping windows. For longer sample sizes such

as T'= 36 and T' = 60, sphericity is also strongly rejected.
17 Alternatively, we can use the specification test (.J-test) of Hansen (1982) based on the estimated value of the

unconstrained optimal FA-GMM criterion (see Ahn et al. (2013) for use in a panel data model with random interactive
effects and 1.i.d. errors) instead of the classical FA likelihood ratio statistic to determine the number of factors. Its
asymptotic distribution is given by a chi-square distribution with df degrees of freedom under the null hypothesis of
k factors. In our empirics and unreported simulations, we find that the use of optimal versus non-optimal weighting

does not affect the estimated value k.
8Unreported results show that we also reject most of the time (60%) sphericity on monthly U.S. macroeconomic

indicators (FRED-MD database developed by McCracken and Ng (2016)) with nonoverlapping windows of T" = 20.
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properties of our testing procedure. The pictures are very similar for the LM and LR tests, and
thus omitted. The strong rejection is corroborated by running sphericity tests on windows of 6
months within subperiods (15 tests inside each subperiod of length 7' = 20). It thus points to
a time-varying behavior of V:t/f, especially in the second part of the sample. The rejection of
sphericity might be explained by the presence of a common component driving the variance of the
error terms; see e.g. Barigozzi and Hallin (2016), Renault et al. (2023) for theory and empirical

evidence in favour of variance factors.

7 Concluding Remarks

Sphericity is key to achieve consistency of factor estimates with PCA in a large-n and fixed-T'
setting. This paper provides optimal maximin GMM tests to check whether it holds on the data or
not. If not, empirical researchers should refrain from running PCA in short panels. Our empirics
show that the assumption of sphericity is doubtful in our financial data. The optimal maximin
properties in our FA-GMM framework are a by-product of obtaining the limit Gaussian exper-
iment in strongly identified GMM models under a block-dependence structure and unobserved
heterogeneity. They have a broader pertinence in panel models than only in our FA setting. The
characterisation of the Gaussian experiment in a non-i.i.d. context is new and is of independent
interest. It might be useful for other applications such as designing Bayesian priors and optimal

similar tests or AUMP tests.
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Appendix

A Regularity assumptions

In this appendix, we list and comment the additional assumptions used to derive the large sample
properties of the estimators and test statistics in the FA model. We denote a generic constant by
C > 0. Let 6y = (ug, vec(Fy)', diag(V2)')' = (up, ;) denote the vector of true parameter values
in the FA model with £ latent factors, which is an interior point of compact set © = M x T,
with M C RT and T C {9 € R*DT . Vs positive definite, h(9) = 0} and h(?) is the
k(k —1)/2 x 1 vector of the above-diagonal elements of F'V_'F.

Assumption A.1 The loadings are normalized such that 3 = 1 3" | 8; = 0 and Vs = LS BB
Bil < C, foralli.

= Iy, for any n. Moreover,
Assumption A.2 We have |5, ;| < C, forall i, j.

Assumption A.3 In the FA model with k latent factors, we have: (V) = X(9), ¥ € T =

¥ = g, up to sign changes in the columns of F.

Assumption A.4 Matrix Mg, yo© Mg, vo is non-singular, where Mgy, := Ir—F(F'V1F) ' F'V!
is the GLS oblique projector and © denotes the Hadamard product (i.e., element-wise matrix prod-

uct).

Assumption A.5 (a) The T(T;l) X T(T;l) symmetric matrix D = lim D,, exists, where D,, =
n—o0

Ly oEVIvech(waw))]. (b) We have Sp(ri1y2 (VIvech(w;w))]) > ¢ for all i € S, where

Sc{l,...n}with 13" 1,c5 > 1 — 55, for constants C,¢ > 0, such that 5; < C. (c) We have

: _ P l Jn ~2
nlgilo/{n = K for a constant Kk > 0, where k,, == > "" | (Z#jeBm O’ij>.

Assumption A.6 In the FA model with k + 1 factors, (a) function Ly(J) = —3log|S(9)] —
$Tr (VYX(9)™) has a unique maximizer 0 = (vec(F*)', diag(V:)') over T, and (b) we have
Vy() 7£ F*(F*)/_'_‘/:
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Assumption A.7 Matrix Qp = lim =55/ Y8 is positive-definite, where B = [1,, : 8]. Moreover,
n—oo

Elw; yw; sw; ] =0, forall t,s,r.

Assumption A.8 The pdf ¢; of random vector w; is such that (a) E[||V log @;(w;)||*" [lw;:]]*"] <
C and E[|w;||*"] < C, for all i and some constants C > 0 and r > 1, and (b) it holds

[ [l = 27 A02] - Vi) — 5oz [V log eu() e /)| do = O(u=), uniformy

ini, with o > 1.

Assumption A.1 states standard normalization restrictions and uniform bounds on factor load-
ings. Assumption A.2 gives uniform bounds on covariances of the idiosyncratic errors. Assump-
tion A.3 implies global identification in the FA model (see Lemma 5 in FGS). It also implies that
the non-zero eigenvalues of matrix V;JO Vgl are distinct. Otherwise, the normalization condition of a
diagonal F'V_~'F would fail to fix the rotational invariance of latent factors up to sign change. As-
sumptions A.1-A.3, together with Assumptions 1 and 2, yield consistency of FA-GMM estimators
(see Section D.1). Assumption A.4 is the local identification condition in the FA model (Lemma
7 in FGS). We use it to establish well-defined asymptotic expansions of FA-GMM estimators and
test statistics (see Sections D.1, D.2 and D.4). We use Assumption A.5 together with Assumptions
2 and A.2 to invoke a CLT based on a multivariate Lyapunov condition to establish the asymp-
totic normality of FA-GMM estimators and asymptotic chi-square distribution of the trinity of test
statistics. It extends Lemma 2 in FGS to any r» > 1, i.e., requiring existence of error moments
slightly above order 4 (finite kurtosis). In the verification of the Lyapunov condition, we establish
bounds for higher-order moments of U-statistics generalizing the results in McConnell and Taqqu
(1986) beyond symmetric variables using the Marcinkiewicz and Zygmund (1937) inequality and
results in de la Pefia (1992) and Giné, Latala and Zinn (2000). The mild Assumption A.5(b) re-
quires that the smallest eigenvalue of V' [vech(w;w})] is bounded away from O for all assets i up to
a small fraction. In Assumption A.5(c), in order to have x,, bounded, we need either mixing de-

pendence in idiosyncratic errors within blocks, i.e., |7; ;| < Cpl=il fori,j € B,,and 0 < p < 1,

or vanishing correlations, i.e., |5; ;| < Cb,°, forall i # j € B,, and a constant § > 1/2, with
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blocks of equal size. In Assumption A.6, part (a) defines the pseudo-true parameter value (White
(1982)) under the alternative hypothesis, and part (b) is used to establish the consistency of the
LR test for the number of factors under global alternative hypotheses (see proof of Proposition 4
of FGS). We use a sequential testing procedure based on the LR statistic to select consistently the
number of factors. We use Assumption A.7 to apply a Lyapunov CLT (see proof of Lemma 7 in
FGS) when deriving the asymptotic normality of the FA estimators as well as a feasible CLT for
the sample orthogonality vector based on a consistent estimator of V, (Section D.3). Finally, we
use Assumption A.8 to show that the FA model meets the q.m.d. condition in Assumptions 3, and
the uniform bounds in Assumption 4, needed to establish the Gaussian experiment in Section 3.

Assumption A.8 holds e.g. for a Gaussian distribution.

B Proofs of Propositions 1-2 and Lemmas 1-2

Proof of Lemma 1: Part (a). We use [[1, b — [T, ai = Son (T2 a;) (b — a) (1,1 b))

i=1\0L1;=1 j=i+1YJ

for real sequences a; and b;. Then, we have:

Var (Xm) = Vg (Xm) = H \/ @ni(Ti) — H \/ 90, (i)

1€ Bm 1€ Bm

- 5= X CIT Vs T o)

1€Bm jEBm:j<t JEBm:j>1

+Z( H \/QO,j(xj))RZ,i(xz‘)( H \/Qn,j(xj)), (B.1)

1€Bm jEBm:j<i JEBm:j>1

from Assumption 3. We get /¢ (Xn) = /45" (Xm) = 50 frn(Xm) /@5 (Xon) + B}y (X.), Wherre:

i) = 5= ST Vasen@) I Vaste) = TT ymgt)

1€Bm jEBm:3<i JEBm:j>1 JEBm:j>1
+> CII Vaos@)RLE)C T] i)
1€By, jEBm:j<i JEBm:j>1
1 m m
= 37 SR (X)) R H(Xon). (B.2)
/L‘eB’NL iEB77L
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Next, we bound the L? norms of functions R}, ; and R}, , in (B.2). We have [[R}; | (Xp)]*d X, =

(f[fg(x)]2QO,i($>d$) f [HjeBm:jm' V Gn,j(T5) — HjeBm:j>i V QOJ(%‘)} HjEBm:j>i dxj = O(b%b{n)’

uniformly in 7, by an argument similar to (B.1) and Assumption 3. Moreover, [ [R?; 5(Xp,)]*dX,, =

[[RE (x)]*dx = O(55), uniformly in ¢, from Assumption 3. By the triangular inequality, we get
JIRM(Xon)?d Xy, = O(02,,,), Where o2, ,, = b2, ( bin 1.

n2

Part (b). We use p,;(y;) = [p(Y)dYm—i = [q¢M(YnS,t)dY,, —; if i € B, and simi-

larly po;(yi) = f q" YmS;L )dY,, _;, where dY,, _; denotes integration w.r.t. the variables y;,
for j € B,, with j # 4. Then, from Lemma 1(a): p,;(vi) — poi(y;) = [lg2 (YS! —
65" (VoS NV —i = [V a7 (VS ) =V @5 Vi SV @ (Vi S 44/ 68 (Vi Sl d Y i =
To S I (VS (Y S )Y i, —i+ By i (yi) = < B[ (Yo S ) yilpoi(yi) + By (i), where
Ry i(yi) =2 [ R (VS )V @ VS ) dY i+ [V a7 Y S2h) = Vg VS PdYon i =
JRIYnSHIVGE YnSat)  +  VarYuSpdYm-:  + 5 Erp[fm(YnSy) 2 yilpo, (vi)
- ﬁﬁ [ RV Si!) fin (Yo SN/ @ (Yo Su1)dY, i By the triangular and Cauchy-Schwarz in-

equalities, we get the upper bound:

R0 < ([ IR0 Y ) (\/po,xyz-) T Soaw)

5 e U VoS 2 ns)) B (VS5 Pl (). B3

‘3

Then, we have:

9(yi, 00) [P

[ ot 60 @R s < ([ 1R, PdYo) P (B |

+Ep,, N9, 00) 171" + 5= prm (g, 00) IP17 () Erge fn (Y2l ]]“2)
+$Epo,i (119, 00117 (i) Epgr [fon (Y Sy )2 Li]] - (B.4)

Now, [[R}}(YnS,,)]?dYm = [[R7(Xm)]?dX,, < Co3,,, from Lemma 1(a). To control the ex-
pectations on the RHS of (B.4), we use the Holder inequality. Moreover, we use Epm | T (Vi SoD2|ys] =
Bpp[fu(Xn)*lyi] < (Xjep, nf(:)? where 0f(y;) = Epp[(f](z;))*y:]'/>.  Then,

Er,, (9 00) 217 (9) Brp (VS 2ll]” < By, [llg(s, 00) 12717 ()7
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Epy, [Epp [fo (VoS ) |wil” ]1/(2r) = O(TV(LQ_T)VObm n), where 7 > lissuchthat 1/r+1/7 = 1, be-
1/(2r

came we e, [BrpnCFuSi ]S e, En )1 <
> ien,, Eao, [(f] ()1 and Ep, , [|l9(yi, 00) 1”17 (4:)] < En,, |

sider without loss of generality » < 2 for which ¥ > r). Similarly, we have the bound
Ep,, 19, 00) 117 (i) Epge [ fin (Yo St )?|wi]] < Erp,., [19(yi, 00) 717 (y:)] "
Ep,,, [Epp [ (YoSyt ) |wi]"] Yo O’ 2702, ) (we consider r < 3/2 for which 7 > 2r).
Then, from (B.4), we get: T 1lg(we, 00)17 (o) | Ry, 5 (yi) dys <
Comn (1 + ?Z"f/’;ﬂ(f_r)vo) + C’bg”" (3-2rV0 Comn (1 + b ") (2=VO o any i € B,,, where

f
the latter inequality follows from g, ,, > %, and we have (2—7)V0 > (3—2r)V0 forr > 1. Next,

we sum over it 20y J llg(uis00) 117 () B (wi)dy: = O (7Y Sy omnbima (1222 ).

Further, we use ¢, ,, < Cb,, n(b”;” + 3 /2) Thus, the conclusion follows from the condition

L 1 b
~n Zb ( na/2) (1+ ﬁ):a@). (B.5)

The LHS is bounded from below by — — Z

’g(yla 60) H2T] Tn (We con-

oy b}, .. If one block size by, ,, grows as \/n or faster,

we see that this lower bound does not shrink to zero. In other words, a necessary condition is

r)VO0

bin.n = 0(y/n), for any m. Thus, (B.5) is equivalent to ’(IT S b2 <bm’" + #) = o(1),

m=1"-"m,n n

. . 1 (2—7r)VO
which is the condition in Assumption 4 with 7,, = n2@ -1 logn. Indeed, we have T"nl 73
_1/2+ ('r72ZVO o —p 1 . 3
n 2Gr=1 = n~, up to log terms, where p = 3 mm{ﬁ( v 1) 1}. QED.

Proof of Lemma 2: We have 0 = lim - > | Ep . [g(y;,0,)] = lim = 3" (Ep,.[9(yi, 00)] +
n—o00 ’ n—00 ’
o) 7;,9 . n 0 ia'g
LIy, [P ) o 1) = lim DS () gl eo>[pn,xyz-)—po,i<yi>1dyi+%EpoJ—g%’@, ]h)+
rewrite the first term on the RHS by using the expansion of p,, ;(v;) — pO,i(yi) from Lemma 1(b),

and apply the truncation indicator 17(y;) = 1{||g(vi, 60)| < 7.}, and we get:

/Q(yi, 90)[pn,i(yi) - pO,i(yi)]dyi = /Q(yi, 90)1T<yi)[pn,i<yi) _pO,i(yi)]dyi

T / 905, 00) (1 — 17 (0e)) [P (42) — D03 (w3)) s = %Ep 9y, 00) 7] + S Ly

J=1
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where Iy; == ——= [ g(yi, 00)(1 — 17 (o) £ (yi)dyis T2a = [ 9(ys: 00)17 (i) By, ;(yi)dys, Tsi =
[ (i, 00)(1=17(y:))Pni (vi)dy; and I ; = — [ g(yi, 00)(1—17(y:))po.i(y:)dy;. We bound the sam-

ple averages of these terms. We have + >°" | I ; (f) from |[; ;| < EPO g (ys, 0o)[177]/ @)
T T T T E 1[” ( 'ive )||2T]
By (2 (0)2]Y ) By [1-17 ()] and B, [1-17 ()] = Py, (g 60)| > 7] < 2t

From Lemma 1(b), we get £ >"" | I, ; = o(f) Moreover, | I3;| < Ep, . [ll9(yi, 60)||*]"/ ") Ep, ,[1-
17(y)]Y < M = O(— = ——), where 1/(2r) + 1/q = 1, which yields £ >™"  I;; =

O(T) because 7, > R Similarly 2" | I,; = 0(\/—5). Hence, we get the condition
0= lim25", % (EPOI[ (i, 00) f* ()] —i—EpOYi[%]h) + 0(=), and the conclusion fol-

’Vl—)OO
lows. Q.E.D.
Proof of Proposition 1: We parallel the arguments in the proof of Theorem 12.2.3 in LR. Define
Eni 1= z—g)) — landuselog(l+y) =y — %yQ + y?r(y), with 7(y) — 0 if y — 0. Then, by

following the so-called Le Cam’s square root trick, we expand:

log Ly =2 log(1+4&:) =2 &ui— > &ni+2> & (). (B.6)
=1 =1 =1 =1

We get the asymptotic behaviour of the three terms in the RHS of (B.6) in four steps. We use

the gm.d. \/q,:(z) — \/qoi(z) = ﬁﬁfq )V @0.i(x) + RY (x) with 37 [[RY (x)]dz = o(1)

from Assumption 3. Now, (i) -7, Eg, ,[&ni] = —30(f)? 4 o(1). To show this equation, we use:
S Boy 6] = Y0 [ (F D ai@)de = 550, [ (Vo) - mi(x))Q d.
The latter quantity converges to —zo/(f)?, where o(f)? = nh_g)lo% S B [(fi(x:))? asn — oo.
1) Yo (&ni — EQU [«SMD = %Zn,f + opn(1). Indeed, write &, ; = ﬁﬁff(xi) + \/Lﬁrm where
Pni = /I W Then, 370, (& — Eouilénil) = 3Zuy + 75 20 (rai—

Eqq,[rnil). We have 2= 370 | (rni — By, [rn, 1]) = 0pn(1), since this term has zero mean and
vanishing variance, due to £ > | Eq [r2.] = >0 [[RL (x)]*dx = o(1). (i) Y7, &, =
10(f)* + opp(1). To show this equation, we use >_;" ffm- = ﬁ )P+ R+
LS f(x;)7n,:. The first term in the RHS converges to 1o(f)? under P, while the second and
third terms are opn (1), since + % | Eq, [r2;] = o(1). (iv) Finally, Y7 | &2 7(&ni) = opp(1)

follows by extending the arguments in LR, p. 491. From Equation (B.6) and Steps (1)-(v), Part (a)
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follows. The Lyapunov CLT and Part (a) yield Part (b). Then, Part (c) follows from Equation (8)
and Corollary 12.3.1 in LR. To get Part (d), we project Z,, s orthogonally onto \/iﬁ Yo 9(yibo) =
\/iﬁ Z;Z;l(zieBm 9(vi, 0o)), and get covariance Epp [(\/iﬁ o 9y 90))Zn7f:|

= L Erp [(Cien,, 96 00) fn(YiSi)] = £ sy Y, Erg 194 00) fin (Y S')] =
o Y ien,, Erp (9001, 00) Epp [fn (VS wil] = % 300, By, [9(yi 00) 17 (4:)], where we
use the Law of iterated expectation and the definition of f} in Lemma 1(c). By taking the limit
for n — oo, and using Lemma 2, we get nh_}r{.loEpgz [(\/ia > gy, 90))Zn7f] = —.Joh. Then, rep-
resenting Z,, s as the sum of its orthogonal projection onto \/Lﬁ > 1 9(yi, 0p) plus the remainder
term, we get Z,, y = h'Z} + Z,, 1 +opyp(1). Asymptotic normality of Z follows from Assumption
5. Moreover, by orthogonality, we have o(f)? = W'Sg'h 4 0%, where Epp[(Zi)*] = 02 + o(1),
and we deduce the stated asymptotic representation of the log likelihood ratio. Q.E.D.

Proof of Proposition 2: As in the proof of Theorem 13.5.4 in LR, we argue by contradiction.

Thus, suppose there exists a subsequence n; such that:
lim inf{8,, ;(¢n,) : WA (ASA) AR > A2} > 1= Feagoz)(¢riza)- (B.7)
j—00

From (12), there exists a further subsequence such that, for any h, B, (¢n, ) — B(h) =
Ex[¢(2)), for a test ¢ in the Gaussian experiment Z ~ N (h, ¥). Then, Inequality (B.7) implies
that, for any h such that b’ A’(AXgA’) "L Ah > N2

nc?

we have 3(h) > 1 — F\2(z2 )(¢r1-a), so that
inf{B(h) : WA (ASA ) "AR > A2} > 1 — Fyegaey(cri-a)- (B.8)

The strict inequality in (B.8) contradicts the power of the maximin test of the linear hypothesis
Ah = 0 being equal to, and not above, 1 — Fy2(;»2 y(¢,,1—o) in the Gaussian experiment Z ~

N (h, %), as stated in the next lemma.

Lemma 3 Consider the Gaussian experiment Z ~N (h, X0) with unknown mean h € RP and
given covariance matrix Y, and consider the null hypothesis Ah = 0 against the alternative

WA (AL AL Ah > N2, where A is a full row-rank matrix of rank r, and \2_, > 0 is a constant.

nec’
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We have that (a) the test ¢(Z) = {Z'A'(ASGA) YAZ > c.1_o} is maximin at level o, for o €

(0, 1), and (b) the maximin power of the above test is 1 — F\2(;. 52 y(Cr1—a)-

Then, Inequality (B.7) cannot be true and the conclusion follows. Q.E.D.

Proof of Lemma 3: Define the random vector Z = (Z7, Z5) in R" x RP~", where Z; = AZ and
Zy, = BX;'Z, with a (p — ) x p full row-rank matrix B such that AB’ = 0, i.e., the rows of B
span the kernel of A. Then, Z ~ N (n,Q), where = (1}, 75)" with ; = Ah and n, = BY;'h,
and matrix (2 is block-diagonal with diagonal blocks 21; = A¥ A" and Qg = BY LB’ The two
Gaussian components Z; and Z, are independent since C'ov(Zy, Zy) = AB’ = 0. For a given ¥,
testing the linear hypothesis Ak = 0 in the Gaussian experiment Z ~ A (h, ¥) is tantamount to
testing 7; = 0 in the Gaussian experiment Z ~ AN (n, ). Vector Z; is a sufficient statistic for 7y,
so that we can focus on tests built on Z; ~ N(n1,€;;). Problem 8.29 in LR states that the test
which rejects when Z’Q7'Z > ¢,1_, is maximin for testing 1, = 0 against 7,Q'n; > A2, at
level «, and the maximin power is 1 — Fy2(x2 )(¢,1-0). Since Z'Q' Z = Z'A(AS AT AZ
and 7, Q' = B’ A'(ALA") "' Ah, the conclusion follows. Q.E.D.

C Spectral Characterisation of Spherical Models

Lemma 4 characterizes spherical models through a plateau in the spectrum of ¥ = FF’ 4 V..

Lemma 4 A symmetric positive-definite T' x T matrix ¥ admits the representation ¥ = F'F’ +
%Iy, witha T x k matrix F and 5* > 0, if, and only if, the T — k smallest eigenvalues of ¥ are

equal to 5°.

Corollary 2 The spherical models with k latent factors are a strict subset of the general specifi-

cations, if, only if, k <T — 2.

In other words, we can always write any matrix > symmetric and positive-definite as F'F’ +

oIy with a T x k matrix F, for k =T — 1 (or k = T'), while it is not the case with the restriction
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k < T —2. Hence, it is meaningful to talk about a spherical model only for £ < 7'—2. Importantly,
some models with V, # 52I; admit a spherical representation with a larger number of factors. For
instance, suppose that > = F'F” + V_, where the diagonal elements of V are all equal to % except
for date ¢, where V. ;; = o7, with 07 > 2. Then, we have V. = 5211 +n’e;e}, with n? := 0% — 2.
It follows that ¥ = FF’ + %I, with F' := [F : 5e,]JC and C' an orthogonal matrix such that F'F
is diagonal. Hence, we have a model with k + 1 factors and spherical errors.

Proof of Lemma 4: Suppose first that ¥ = FF’ + 62Ip, for a T x k matrix F and 5> > 0.
Let p1; > 0, for j = 1,...,k, be the eigenvalues of matrix F'F”. Then, the eigenvalues of X
are 0; = p; + a2 forj = 1,..,k, and 6; = &2, for j = k+ 1,...,7. Conversely, let X =
Z].Tzl 0, P; be the spectral decomposition of > with eigenvalues ¢; ranked in decreasing order,
and eigenprojectors P;, and suppose that 6; = ¢ > 0, for j = k + 1,...,7. Then, we have
X = Zf:l 0P + o° Z;‘inﬁ-l by = 25:1(@' — %P + o Z;F:l Pj. We have Z]T:1 by = Ir.
Moreover, Zle (6; — &%) P; is a positive semi-definite matrix of rank k and hence we can write it

as Z?Zl(éj —0%)P; = FF',foraT X k matrix F. Thus, we get > = F'F’ + ¢*Ir. Q.E.D.

D Characterisation of FA-GMM Estimators

Appendix E in the Online Appendix (OA) provides the detailed proofs of technical Lemmas 5-8

below supporting the computations of this appendix.

D.1 Unconstrained FA-GMM Estimator

The FA-GMM estimator is § = (ji/,70') = argmin Q,(0), where Q,(f) = gn(e)’%—lgn(e).
The condition § € © imposes the normalizati?)fleconstraint F'V'F being diagonal, that we
rewrite as h(J) = 0, where h(?) is the p x 1 vector stacking the unique off-diagonal elements
{(F'VF) biess with p 1= k(k — 1) /2.

a) Consistency. From Assumptions 1,2, A.1and A.2, V, % V) =%(o) = FoFg+V and g B o
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(see Lemma 5 in FGS). Then, §,(0) 2 goo(8) = [(to — 1), vech(3(0o) — L(9) + popty — put’)]’
uniformly in § € ©. By the consistency of ‘79 under Assumptions 1-2, A.1-A.4, and A.7 shown in
Section D.3, we get that the criterion (),,(0) converges in probability uniformly to Q. (6) :=
9oo(0)'V; ' goc(f). The global identification condition in Assumption A.3 implies that Q. is
uniquely minimized over compact set © at true parameter value ¢y. Then, standard results for
extremum estimators (see e.g2. Newey and McFadden (1994)) yield consistency of 0.

b) Asymptotic normality. The First-Order Conditions (FOC) for the FA-GMM estimator yield

09u0) o 1. o _
n V(@) =0, b)) =o. (D.1)

>
>

The Lagrange multipliers vector associated to the factor normalization is equal to zero, because
the criterion @),,(6) is invariant under rotations of the columns of F. Let us define matrix Jy :=
plim agg_e(veo) = [Ju0 1 Jyo] in block form, and let the py x p matrix H := %:990)’ be full-rank, with
py := (k + 1)T. We apply the mean-value theorem to system (D.1) around 0. By the consistency

of estimator 6 proved in part (a), and the normalization h(ﬁo) =0, we get:

TV mGa(00) + TV, Jov/n(0 — 0) = o0,(1), (D.2)

H'\/n(d —1d) = o,(1). (D.3)

Let Ly be a full-rank p x p matrix, such that My := I,— H(H'H) 'H' = Ly L}y and L)y Ly = I,

namely Ly is the matrix of standardized eigenvectors of My for the p := p — p unit eigenvalues.

Then, using Jo/n(0 — 6o) = Juov/n(jt — pio) + Joo L/l (0 — o) + 0,(1) from (D.3), and
inserting this equation into (D.2), we get the asymptotic expansion:

V(i = o)
VAL () — o)

where matrix jo = [Ju,o : JyoLp] is full column-rank under the local identification condition in

= —(JoV, o) LTV, ngn (80) + 0,(1), (D.4)

Assumption A.4, as we show next.
Lemma 5 Matrix Jy is full column-rank if, and only if, Assumption A.4 holds.
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To interpret Equation (D.4), note that there exists a smooth one-to-one change of parameters
¥ = ¢(h,n) locally around ¥, where h € R” is the parameter vector that corresponds to rotations
of the latent factor matrix, with true value hy = 0 under our normalization, and vector € R?
parametrizes the remaining degrees of freedom, with true value 7. Let Ly := %ﬁ’fm). Then,
L'yH = 0. We can choose this change of parameters such that L), Ly = I;. Then, we have
L'y (¥ — Y9) = n — no locally around vy. Hence, the lower block in (D.4) is the asymptotic
expansion for the estimator of the free parameters invariant to factor rotations, and the full-rank
of matrix J, corresponds to the standard GMM local identification condition with the transformed
parameters. By using /ng,(fy) = N(0,V,) under Assumptions 1-2, A.1, A.2, A.5, and A.7

(see Section D.3 for the proof), we get (v/n(ji — o), [v/rLy (9 — 99)]') = N(0,%,), where

~ ~ ~ EumO E/mﬁ . ; i
Yo = (JpV, M o)t = | N in a block form. Then, the Asymptotic Variance (AV)
L0 .0
is
n(i — > S0l
AV \/_(lf 'LfO) _ /iu,O 117770 H ' (D.5)
\/5(19 — 190) LHznu,O LHZTm,OL/H

The asymptotic variance of block \/5(19 — 190) in (D.5) is degenerate because of the factor nor-
malization. The asymptotic variances of components /nvec(F — Fy) and v/ndiag(V. — V.) are
the upper-left (kT) x (kT) and lower-right T x T blocks Yp = (LgSyymoll)n and Sy, =
(L HimoL}{)QQ. Let us now obtain explicitly matrices Jy and H. We compute the partial deriva-

tives of the moment vector, and use Lemma 6 below as well as vech(V.) = (Egjqqr)diag(Vz),

where
It Orxkr)  Orxr
. — L . / . = —
Edlag7T : \/ﬁ[[T : OTXW] . We get: Jo Ovech(up')  Ovech(FF')  Ovech(Ve)
o’ Ovec(F)’ odiag(Ve)!

I 0 0
_ T Tx(kT) T | . Here, we use the link vec(Z) = Apvech(Z),

Ap(p®Ir) Ap(F @ Ir) Edgiagr
where Ag is the T2 x %T (T'+ 1) duplication matrix (Magnus and Neudecker (2007)) suited to our

definition of the half-vectorization operator vech. With e; being the ith unit vector in dimension

T, it is given by AT = [\/5(61 & 61) Do \/§(€T & €T> . {62‘ & €; + €; & 6i}i<j] .
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Lemma 6 Let C be aT x s matrix. Then, we get % AL(C ® Ir).

Concerning matrix H, let us write h(V) = Eopprvech(F'VLF), where Eqfr = [0y : 1] is

the matrix that selects the lower p x 1 block in a (k + p) x 1 vector. Moreover, F' = [f : -+ : fr],
vec(F'Y = (f], ..., f), vech(F'V.'F) = ST V v.—vech(fsf;). Then, using Lemma 6, we get
—%em(gfl, ) V;“ Al (fy ® It), which yields —auegi;g(;)/ B = 4 [(F'VY) @ I,]. The chain
. Qvech(F'V 1 Avech(F'V 1 F) dvec ") I — _
rle gives: LESMETELE) _ BV el (P 1) @ i = A Kl (V) &
L) Kry = Ayl ® (F'V.)). Moreover, using vech(F'V'F) = Y1 A=A (f, @ f.). we
AV 1 —1
got 2] = A (f © f), which yields: IR = SAL(FV) @
(F'V1H], where C Qe C = [(c1 ® ¢1) : -+ (e ® er)] denotes ’columnwise’ Kronecker
product of a matrix C' = [¢; : --- : c¢p|. By putting all together, we get: H' = % =

Eorpu Ay Iy © (F'VIY) + =PV Qeo (F/V)]

D.2 Constrained FA-GMM Estimator under Sphericity

The constrained FA-GMM estimator is §¢ = (i,07) = argmin Q,(6) subject to a(d) = 0,
s

where a(f) := L} _diag(Vz) and M, = Ly, L} _. Consistency of 0¢ under the null hypothesis

T
follows from the arguments in Section D.1 by rewriting the constraint as § € 0y = {# € O :
a(d) = 0}, i.e. a compact set that contains the true value.

By the mean-value theorem, and consistency of 6° under the null hypothesis, we get from the

FOC with A being the (T’ — 1) x 1 vector of Lagrange multipliers for the constraint a(f) = 0:

T oV nga(0o) + T, oV L Iov/n(0° — 6y) = 0,(1), (D.6)
/ — AN / — e n da ()" «
Jy.oVy 'Vngn(0) + Jh oV, Jov/n(6° — o) égﬁo) A 0,(1), (D.7)
H'/n(0° —105) = o0,(1), (D.8)
da(0 ~ ~
a(ﬁf))ﬁ(fﬁc — o) = o0,(1), (D.9)
where 8‘5(9?) = 0 and 8‘5 gf)) = [O¢r—1)x(rr) : L4,], and we separate in Equations (D.6) and (D.7)

the FOC for the /2 and ¥ components. We use Jov/n (8¢ —60o) = J,.0v/n(ji¢ — pi0) + Jg. o/ Ly (¢ —

43



0o) + 0,(1) in (D.6) and (D.7), where Jy o := Jy oLy, and \/n(0° — 0g) = Ly/nL) (0¢ —dy) +

0p(1) in (D.9), and left-multiply (D.7) times L;, so that we can write an expression in a block

form:
. . V(i — o) . N
J(’)Vg*1J0 A . J(’)Vq*l\/ﬁgn(eo)
P VL (9¢ = o) - + op(1),
Al Or—1)x(T-1) . 0
VN
(D.10)
where A’ = Or—1)x7 : a‘g(:,o)LH} = |:0(T_1)><T : L’ITEH] and Ly is the lower T' x p block

of Ly. The derivation of the joint asymptotic distribution of the constrained FA-GMM esti-
mator and the Lagrange multiplier vector continues along the lines of standard theory (see e.g.
Newey and McFadden (1994)). By inversion of the block matrix on the LHS of Equation (D.10),
V(i — po) -
we have: \/HL’H(gc _ 50) =N ! ; U= Byl = F) N ~F0~
. 0 I (A'3pA)!
NZD)

where Iy = (I — P)SgA(A'S0A)7Y, 8y == (J)V,1Jo)~! is the asymptotic variance of the
unconstrained FA-GMM estimator, and P = fl(fl’ iofl)_lfl’ S is the oblique projection ma-
trix onto the columns of matrix A w.rt. the scalar product induced by matrix So. In particu-
lar, the asymptotic variance of the Lagrange multipliers vector is AV(\/ES\) = (fl/ SoA)T! =
(L4, LuSoLiyLiy) ™ = (L4, AV]y/ndiag(V. — Vo)) Ly,) ™", where AV[y/ndiag(V. — V.)] =
(LY oLly)2s is the lower T x T block of matrix Lz3,, oL} from (D.5).

D.3 Feasible CLT for the Sample Orthogonality Vector

The next lemma establishes the asymptotic normality of the sample orthogonality vector in the FA

model, namely that Assumption 5 holds in our FA-GMM setting.

Lemma 7 Under Assumptions 1-2, A.1, A.2, A.5, and A.7, as n — oo we have \/Lﬁ > 9(ui, éo) =
asV- [(Qp1Fo) @ Ve]Ar

N(0,V,), with V, =
AL[(FoQp1) @ Vo] AL [(FoQsF)) @ Vo] Ar + Q4

, where Fy =
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(o : Fo), Qp := lim %B’XV]B with B = [1,, : ], g5 = limll’ ' Y1, and Qp1 = lim %B’i}ln.
Moreover, Q; = 1[Af (V- 2 @ Vi) Ar)(D + KJIT(T+1))[A (V2 @ VI?) Aq) is the asymptotic
variance of the vech of Z,, = \/n(Lee’ — E[Lee’]).

The asymptotic variance matrix V, involves the FA parameters vector ¢, asymptotic variance
matrix {2z, and matrix ()z. The PML estimator of FGS, for example, yields a preliminary con-
sistent estimator of #. We can follow FGS, Section E.5., to get a consistent estimator of {2;. We
establish below a consistent estimator of (Jz. Then, we get a consistent estimator \79 by plug-in."

LetUp:= 1% S p (BiB})@(4:€}), where B; = (1, 3)) with §; = (F'V L F) T 'V (y;—
fi) and &; = Mp v, (yi — 1), where fi, F', V. are preliminary root-n consistent estimators, e.g. from
PML or FA-GMM with identity weighting matrix. Further, let Bg := (N o @ Mgy VATQ LAl

0
® M ! ) where Npy, = b . In Lemma 8 below, we show:

(N,
(FIV F) 1F/V'671

F V.

U — Bg = Qs ® (Mpy.V2) + 0,(1). (D.11)

By half-vectorizing this equation, solving for () by Least Squares projection and using a consis-

tent estimator for Mpy. V., we get a consistent estimator for ().

Lemma 8 Define the symmetric matrix Qg via vech(Qg) = (P'P)~P'vech(Vz — Bg), where
P = 1AT(k+1 <[k+1 ® |:(KT,k+1 ®I7) @ (Ixr1 ® UeC(MF,VsVE))D Argit1). Then, under As-

sumptions 1-2, A.1-A.4, and A.7, estimator QB is consistent for Qg.

19A nonparametric strategy based on the averaging = " GmnGmn With Gmn = > cp  9(yi, 5) does not work
here since the within-block averages B, , = ﬁ Yien, Biand Vg — I = ﬁ >icn, (BB — Ix) do not

necessarily vanish despite the full-sample normalizations 3 = 0 and f/ﬂ = I}. It again exemplifies the difficulty to

allow for cross-sectional dependence.
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Figure 1: We display the values for the statistic &}V for the subperiods from January 1963 to December
2021. We partition the sample into 35 nonoverlapping windows of 7' = 20 months. The red horizontal
segments indicate the estimated number k of factors. The red dotted line corresponds to the critical value of

a x2(19) distribution at significance level 5% /35. Grey shaded vertical bars flag bear market phases.
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ONLINE APPENDIX
Optimal Maximin GMM Tests for Sphericity
in Latent Factor Analysis of Short Panels
Alain-Philippe Fortin, Patrick Gagliardini, and Olivier Scaillet

Appendix E provides the detailed proofs of technical Lemmas 5-8 supporting the computations of
Appendix D. In Appendix F, we outline an asymptotically equivalent FA-GMM estimator, which
is easier to compute numerically. It relies on modified moment restrictions. We also explain how
we can compute numerically the unconstrained and constrained estimators via Newton-Raphson
and zigzag algorithms and provide a numerical study of their estimation performance. Appendix
G gathers the Monte Carlo results on size and power for the LM and LR tests. Appendix H
makes the link with the panel model of Chamberlain (1992) Section 4 and discusses how we can
incorporate second-order moment information in sets of orthogonality restrictions for that model
as in Arellano and Bonhomme (2012) Section 3.4 and our FA setting. Appendix I gives the detailed

proof of Proposition 3.

E Proofs of Lemmas 5-8

Proof of Lemma S5: From Lemma 6 in FGS, Assumption A.4 is equivalent to non-singularity of

. 2 _ .
matrix L &000) 1, where Lo(v) = —1 log |[S(0)| — $Tr(VIZ(9)~!) =: Z2(S(9)) is the pop-
ulation criterion of PML. We have 2 8%%(5/0) = 8”66h((9 19(190))/ 806?2@%5?2])2@), avem&gwo)). To compute

the second-order derivatives, we use matrix differentials (Magnus and Neudecker (2007), Chapter

6). We have .2 = —1Tr(S1dS)+1Tr(VOS-L(dS)S ) and d2.2 = 1Tr(X71(d%) 51 (dX))—
Tr(V,)E N (dX)%- ( ¥)X7"). By evaluating the differential at ¥ = X(vy) = V), we get d>.% =
—5Tr((dB)(V)) H(do)(V) ™) = —gvec(dZ)[(V)) ™' @ (V) 'vec(dy), which yields

ey = — (V)™ © (V)™ Ar. Ths, matrix Ly, 5550 L = L, g
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ALVt e (V) Ar Gech(2(0)) 1, is non-singular if, and only if, matrix 2= 7 i full

Yy oy 50’
- I 0
rank. Moreover, Jo = — ! T is full-rank if, and only if, —%edld@/wo))LH
Avech(pp') avech(E(ﬁo))L )
o' oy’ H

is full rank. The conclusion follows. Q.E.D.

Proof of Lemma 6: Let us write C' = [¢; : -+ : ¢, vec(C) = (¢),...,c,) and CC" =

rs

> j—1¢;C;» where the ¢; are the columns of matrix C'. Then, vech(CC’) = T ALvec(CC') =

15 A(e; ®¢j), and f"h—(CC) = 14 (‘)i;;@% = 1A Ir ® ¢+ ¢; @ Ir] = Al(c; ® I).
For the latter equality, we use that Al(Ir ® ¢;) = ApKrr(Ir ® ¢;)Kry = Al(¢; ® Ir) by the

properties of the commutation matrices. The conclusion follows. Q.E.D.

Proof of Lemma 7: We use § = pg + \/%—lun and V V + \If + op(\}) under As-
sumptions 1, 2, A.1, A.2, where u,, := /né, ‘N/y = FoF) + V. = 2(190) and ¥, = W, F| +
W, + Z,, with W,, = \/Lﬁgﬁ and Z, = /n(ec’ — V), and 9y = (vec(F,),diag(V.))
for V. := LElee’] (see FGS Lemma 5). Then, we get the asymptotic expansion Vi (0) =
[u),, vech(W, F}y + FoW! + Z,, + un iy + poul,)'] +0,(1) = [u,, vech(W, Fh + FoW!, + Z,)'] +
0p(1), where W, := \/iﬁeb’ = [u, : W,]. Under Assumptions 1-2, A.1, A.2, A.5, and A.7, by Lem-
mas 2 and 7 in FGS generalized to accommodate any » > 1 replacing the condition r = 2 (see be-
low for details), we have u,, = u, W,, = Wand Z,, = Z, where vectors vec(W) and vech(Z) are
jointly Gaussian, and u is the upper T x 1 block of vec(WW). Then, we get v/ng, (6o) = N(0, V),
where V, is the variance of Gaussian vector [u', vech(WF) + FoW' + Z)']'.

Let us now characterize matrix Vj explicitly. We have vech(WF;) = $ALvecWF;) =
SAL(Fo ® Ip)vec(W), and vech(FoW') = sAwec(FW') = AL (Ir @ Fo)vec(WV')
= LA (Ir @ Fo) Krpvec(W) = L AL Kp (It @ Fo) Ky vec(W) = AL (Fo @ Ir)vec(W), using
properties of the commutation matrices /X, , and matrix Az. Thus, we have vech(WF| + FoW' +
Z) = Al(Fo ® Ir)vec(W) + vech(Z). Moreover, vech(Z) = L[ Al (Ve 2 @ VM) Arlvech(Z),
where Z := VE_I/QZVE_lﬂ. Under Assumptions 1-2, A.1, A.2, A.5, and A.7, Lemmas 1 and 7 in
FGS imply that vec(W) ~ N(0,Qyy) and vech(Z) ~ N(0,Qz) are mutually independent, with
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Oy =Qp®V.and Qz = D + klr@s), which yields the statement in Lemma 7.
2

To conclude, we detail here the verification of the Liapunov condition in the CLT for Z,,. Let

Z, = 5_1/ 2Z V_l/ 2 = f Zm 1 Gm,n» Where the elements of the 1" x 7' simmetric matrix
G A€ (2 = 30 (WigWis = 18)Gii + 3 e, inj WitWjsGij = Cule + bis ~Moreover,
Vivech(Z,)] = ZJ” Vivech(Gun)] = Dn + knl T = €2,. The multivariate Liapunov
condition is ||, /| ar L S E[|lvech(Gna)|I?"] = o(1), for 7 > 1. Because the eigenvalues

of matrix {2, are bounded away from zero uniformly in n under Assumption A.5, and we have
|z < k1 E?Zl |z;|?" for a vector z € R* and r > 1, by the triangular inequality it is enough

to show that: (a) - 37 | E[|¢%%[] = o(1), and (b) = 37 E[|¢%%]%] = o(1), for any ¢, s.

m=1

To prove (a), we write (%" = Zie B, (; as a sum of independent variables (; := (w; w; s —
1;,5)5;; with mean zero and F [|CZ-]2T]

Marcinkiewicz and Zygmund (1937) inequality yields E[| Y>",.5 G*] < Co(X i ElGIP)

< oo for r > 1 (we omit indices t, s to ease notation). The

for a constant C, that depends on > 1 only. Under our assumptions, we get E[| >, (|*]

m

O(b},,,,) uniformly in m, which yields FZJ” El|¢st1] = O(s- S b ) = o(1) from

m=1 m=1"-"m,n

Assumption 2 d).
Let us now show bound (b). If the random variables w; ; are symmetric, it can be established
by bounds for higher-order moments of U-statistics in McConnell and Taqqu (1986). We ex-

tend to possibly non-symmetric variables next. First, by using the equality > . W; 4 Wj 50

1,J€Bm,i#]

= % (Zz’,jeBm,i;éj (Wit + wis) (W)e + wis)Fi5 — Zz’,jeBm,i;éj Wi Wiy Oj — Zz’,jeBm,i;éj wivswj,séij> )

it is enough to get bounds for F| ZmeBm#j w;w; ;5] for either w; = w; 4, or w; = w;y + w; g,
for any ¢, s with ¢ # s. Note that those variables have zero mean and variance 0? = E[w?]
that is either 1, or 2. Second, we use the decoupling result in de la Pena (1992), Theorem 1, which
yields E[| Y7, .cp iz wiw;oi|*] < 8 E[| Y7, g i with;&5|*"], where the w; are independent
copies of the w;. Next, we use an argument similar to the proof of Proposition 2.1 in Giné, Latala

and Zinn (2000). Write >
and E[| >

ijeBmit W05 = Y icp  Gi» Where G = wi(} ] ep, iz Wi0i5),
i B it w;w;G;;[* = F E]| D icB,, ¢i|?"]| by the law of iterated expectation, where

E[] denotes expectation conditional on {t;, j = 1,...,n}. The ¢; are independent conditional
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on {w;, j = 1,..,n}, with conditional expectation E(¢;) = 0 and conditional second mo-
ment E(¢?) = UQ(Z]E B, 2 Wi0ij)?. Then, the Marcinkiewicz and Zygmund (1937) inequal-
ity yields E[|>,c, ] < Cro® (X ien, (X en,, j4i Widi;)?) . From the discrete Holder in-
equality we have (3°,cp (3 cp 2 WiGi)?)" < (bnn)" ™ Dicp, (O e, jui Wi0ij)7 Now,
by taking the expectation with respect to variables {w;, j = 1,...,n}, and using once more
the Marcinkiewicz and Zygmund (1937) inequality, we get E[(3 ;.5 (D .cp, s WiGi)?)] <
Brmn) ™ D Bl je i Wi0i)* ] < ) 7 Cro™ Yoicp, (X jep,n jni 04)"- By com-

bining the inequalities obtained so far, we get E[| > w;w; 6% < C*(86%)* (b))

1,JEBm,i#]
ZieBm(Z € By i fj) . Because ZjeB ki 6%- = O((bnn)°) uniformly in i, we get
5 - - 5
E[| 2, jen, iz wit;o ] = OWia™). Hence, & 370, E[ICh]2] = O(E X b ) =

o(1) from Assumption 2 d). Q.E.D.

Proof of Lemma 8: Consider the infeasible estimator ¥z = -7 3. e, (BiB)) ® (g:i€}),
where B; := (1, 3;)". Using Ele;e’;] = 7;Vz, the expectation is E[Wz] = %Z > ijen,, (BiB)gi ;@
V. = Qp®V.+0(1) by Assumption A.7. Moreover, V[¥] = o(1) by using -5 > bt 1+6) = o(1).
Thus, ¥z = Qp ® V- + 0,(1). Now, consider the feasible estimator U3 obtained from Wy after
replacing B; with Bz and ¢; with £;. We use root-n consistency of PML or FA-GMM estmates
with identity weighting under Assumptions 1-2, A.1-A.4. We have, B; = B + n; + O ( —) and

=&+0 ( ) where &; := Mpy.€;, i = Npyv.€;. We control the effect of the remainder terms
at order O,( =) by the condition 3> b7, = o(1). Then, U =Ly > iien,, (BiB)) ®
(&:€ j) +5 Zm Zi,jeBm (7 j) ® (51‘5]') +5 Zm Zi,jeBm (Bm}) ® (52‘5;‘) + % Zm Zi,jeBm(nm;) ®
(€i€;) + 0p(1). The first term equals (11 ® Mpy, )¥p(Ip1 ® Mpy, ), and converges to Qs ®
(Mpy. VoM, ) = Qp ® (MFy.Vz). The second and third terms are 0,(1), because their expecta-
tions are nil under the condition F{w; ;w; sw; ] = 0, for all ¢, s, r, and their variances are vanishing.
In the fourth term - >° 7. p (min) @ (E:i€) = 3 22, (Xien,, 1 @) (X icp,, 1 © &), vector
n; ® &; has zero expectation, i.e.,E[n; ® & = vec(E[g;n;]) = Guvec(Mpy.VoNpy,) = 0. Thus,

L ien, M ® &)X, mi ® &) is a consistent estimator for the asymptotic variance of
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\/Lﬁ Yo Mi®E; = vec(\/iﬁ > &) = vec(Mpy. Z,Niy, ) = (Npyv.® Mpy. ) Arvech(Z,). Thus, we
have 13" > p (nin))®(&:&)) = Bs+0,(1), where Bg := (Npy, ® Mpy, ) ArQz A (N, ®
Miy,). A consistent estimator of the latter matrix is Bg = (Npp, @ MﬁVE)ATQZA/T(N}yg ®
M %VE ). By combining the above results, we get equation (D.11). By applying the half-vectorization
operator, and the rule for the vec of a kronecker product, we get vech[Qp®(Mpy, V:)| = Pvech(Qp)
where P = %Ai_p(kﬂ) (Tp+1 ® (K1 @ I1) @ (Ti1 @ vec(Mpy. Ve))]) Argerr). Matrix P is

non-singular. The conclusion follows. Q.E.D.

F Practicable Asymptotically Equivalent FA-GMM Estimator

F.1 Modified Moment Restrictions

We first show that, by considering the cross-sectional variance instead of the cross-sectional second
moment in the moment restrictions, we obtain an asymptotically equivalent FA-GMM estimator
which is easier to compute. Indeed, we can write the lower block of sample moment vector g, (6)
as vech(: 32, iy} — X(9) — ') = vech(Vy — S(9) + 5§ — ') = vech[V, — X(9)] + vech|(y —
wp' + p(y — p)'] + vech[(y — p)(y — p)’]. Moreover, we have vech[(§ — p)i' + u(y — )] =
Al (@ Ir)(y — p). Then, we get:

I Opy rr-1) j—
n(0) = T Tx T Yy—p L (6)
AT([,L & ]T) IT(T2—1) % T(T2—1) UBCh[‘/y — 2(19)]

= D(0)g,(0) +74(6),

where 7,(0) := (0, vech[(§ — p)(y — p)’))’. Term 7,(0) yields an asymptotically negligible

component in the estimator, since v/n7,(6y) = 0,(1) and mgé,e(’) = 0,(1). Thus, asymptotically,

moment vector §,(0) is a parameter-dependent non-singular linear transformation of moment vec-

tor ¢ (0). Hence, the FA-GMM estimator 6 is asymptotically equivalent to

A~

6" = argmin g, (6)'(V;") ' 4:(0), (E.1)
0co
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where Vg* is a consistent estimator of V', i.e., the asymptotic variance of \/ﬁg;;(éo). We have the
link V, = D(60)V,;"D(6,)".

The two subvectors that build ¢ (#) depend separately on parameters o and ¥, respectively.
Moreover, the upper subvector yields an exactly identified set of moment restrictions for param-
eter . It has important implications for the computation of estimator 6*. First, the FOC for
parameter y yields 8‘%—?)/(\7;)*1%(0) = —(IA/;‘)“(g — ) — (XA/;]*)HUech[% — X(9)] = 0, where
the upper indices indicate blocks of the inverse matrix (Vg*)‘l. Then, we concentrate out param-
eter 1 to get = i + [(Vg*)“]_l(%*)mvech[vy — Y(09)]. The concentrated criterion becomes
Ga(0Y (V)1 35,(0) = veeh[Vy — D)) (V)22 = (V)2 (V)11 (V;)'2) weeh[V, — B(9)] =
vech[V, — Z(ﬁ)]’(ffg’fm)*lvech[% — X(19)], where V;QQ is the lower-right block of \79*. Thus, the

components of estimator 6 simplify to

io= g+ V)TV BeechVy = B(07)), (F2)
0* = argmin vech[V, — E(ﬁ)]’(%’jm)_lvech[% — 2(9)], (F.3)
9eT

where 7 is a compact subset of {1} : h(1) = 0}. Hence, estimator 9)* is obtained by minimizing a

quadratic form of vech[V,, — ¥(9)], and estimator ji* is obtained by plug-in without optimisation.

F.2 Numerical Computation of the Unconstrained FA-GMM Estimator

Let us now discuss the numerical computation of the estimate U*. As for optimisation of the PML
FA criterion, we face two options: the Newton-Raphson (NR) algorithm for the full parameter
vector v, and the zigzag algorithm alternating among its components vec(F') and diag(V.). We

start with the first option, and leave the second one for Subsection E.2.2.

F.2.1 Newton-Raphson Algorithm

The FOC w.r.t. parameter vector ¢ is M(ﬁ)’(%fZQ)_lvech[% — 3(09)] = 0, where M (¥) :=

Auech[E(19)] _

55 A (F®Ir) @ Egiagr|, and the normalization constraint is h(¢) = 0. We expand the
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FOC and the constraint around a "guess’ 9 o) that meets the constraints, i.e., h(?(g)) = 0,° and get
the linearized conditions M (dq))' (V;"5,) ~tvech[V, — £(¥(0))] — M (o))" (V;'50) - M (9(09) (0 —
Yy) = 0 and H (V)" (¥ — Y()) = 0, where H(V) := % (see end of Section D.1 for a
characterisation of matrix H(1))). Let Ly (¢) be a full-rank p x (p — p) matrix, such that I, —
HW)(HW)H(W) 'H(W) = Ly(9)Ly(¥) and Ly (9) Ly (9) = I,—,. Then, as in Section D.1,

the solution of the linearized equation under constraint is

~ -1
0 = o)+ Lu(@o) (Lu(@0) M00) (Vyn) " M) Lu(00))
X L (9(0) M(90)) (Via0) "M vech[Vy — S(d(g))]- (F4)

Then, we obtain the updated estimate vJ(;) from 1) after rotating the factor matrix /' such that
F'V7'F is diagonal.?! The NR algorithm iterates this procedure until a convergence criterion is

met.

F.2.2 Zigzag Algorithms

A second option is the analogue of a zigzag algorithm (Magnus and Neudecker (2007), Hautsch
et al. (2023)). It consists in alternating the computation of an estimate of V. for given F’, and an
estimate of F' for given V., until a convergence criterion is met. For the former step, we use that
vech(V, — %(0)) = vech(V, — FF') — (Egiagr)diag(Vz) (see Section D.1 for a characterisation
of matrix Ey;q, 7). Thus, we get the closed-form solution diag(Vs.) = (Eélmg’T(%’jQQ)‘lEdmg,T)‘l
El. gvT(%’fQQ)_lvech(Vy — F'F’) by GLS.? For the latter step, the problem consists in minimizing
the criterion vech(V, — FF' — 1/5)’(17’522)_1116011(% — FF' —V,) wrt. the T X k matrix F' such

g
that F'V."'F = diag, for given V.. We use that vech(V, — FF' — V.) = D(V.)vech(Z — UU"),

20We can for example use the FA estimates obtained by the zigzag routine (Magnus and Neudecker (2007), p. 407)

applied to the Gaussian PML criterion as in FGS.
2I'This rotation is needed because the constraint 2(1) = 0 is implemented only at first-order, and not exactly, in the

NR updating step.
22For given F corresponding to the PML factor estimates, we can use such a solution to initialise the NR algorithm,

but we need then to rotate the factor starting values to satisfy the standardisation 2 (9(g)) = 0. In our Monte Carlo

results, we have not found much improvement over initialising directly with PML estimates.
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where 2 := V. 2V, Ve ? — Ipand U == V. "’ F and D(V2) := LA, (V? @ V) Ay, By direct

=3
(T+1) T(T+1)
2 X 2

calculation, we can check that D(V}) is a diagonal T matrix, with diagonal elements

Voar, o Verr, {1/ V=iV jj }i<;. Then, the problem becomes

min vech(Z — UU') Q*vech(2 — UU"), (F.5)

UeRTxk: U'U=diag

where O* = D(V.)(V/%5,) "' D(VZ). In an alternative parameterization, let U = UT'"/? where U is
such that U'U = I and I = diag(~y) for vy € R’j. Thus, we can also formulate the minimization

problem as:

min min vech(Z — UTU') Q*vech(Z — UTU). (F.6)

UERT>k: U'U=I);, yeRE
The two formulations (F.5) and (F.6) lead to different NR steps, that we detail below. We use the
terminology zigzagl and zizag? to differentiate them in the numerical study of Section E.5.

We use the following notation. For two matrices B = [by : ... : by, and C' = [¢; : ... : ¢p], letus
define the following variations of the Kronecker product: B®.C' := [{b; ®¢;}i;] and B&_C :=
[{b; ® ¢i}iz1,. n). We define Bo<C and B®>C similarly. Pairs (4, j) are ranked as the indices of
a m X m matrix read row-wise. With this notation, A,, = [ﬁ(]m ®= 1) (I ®< Im)] The
columns of matrix B®,C are a subset of the columns of B ® C, namely B®,C' = (BRC) (1, @,
I,,,), for x denoting either <, =, <, or >.

For Problem (F.5), we use the vector constraint iy (u) = 0, where hy (u) = E,ffrvech(U'U)
and u = vec(U). The gradient is ahaU—u(,“) = E,rp1 AL (I ® U'). Hence, we get the (Tk) x @
matrix Hy(u) .= 24 — ([, @ U)AEL; ., = (I @ U)(Iy ®< 1) = I, @< U. Then, Ly, (u)
is the (Tk) x (Tk — * 1) matrix defined by Ly, (u) := [(Ik @>0) : (i ® UL)], where

2
U:=UWU'U)"Y2and U, isaT x (T — k) matrix with orthonormal columns that are orthogonal

to the range of U. Indeed, the Tk — @ columns of the matrix Ly, (u) are mutually orthogonal,

normalized to length 1, and are orthogonal to any columns of H;(u), for any u such that hy(u) =
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0. Moreover, My (u) = _%&(){lﬂ) = A7 (U ® Ir). Hence, we update

N —1
u = u)+ L, (u@) (LHU(U(O))'MU(U(O))’Q*MU(U(O))LHU(U(O)))

X LHU (U(O))/MU (u(o) )’Q*Uech[é - U(O) U(IO) )] , (F7)

and we get Uy by transforming U to impose U{; Uy = diag, i.e., Un) = UU'U)~Y2diag(U'U)Y2

We can get a more explicit rewriting of the updating equation (F.7) by using

My (u) My (we) = (Floy @ V) Ap(Vyp) T AL(Floy @ V2?),

MU(u(O))’Q*vech[é — U(O)U('O))] = (F(/o) ® VEI/Q)AT(‘A/;m)_lvech(\z! — F(O)F('O) -V,

where Floy = V2'*Uyg), and (Fo) ® V="*) L, (u(0)) = <[F 0 ®> (Foly™) « Fo ®G<0>>’

with G(o) = Vgl/?UL,(o) and I'¢g) = U(’O)U(O). Hence, we can write (F.7) as:
. -1 . .
w=1uo) + Ly (u)) (Jloy (Vo) o)) Sy (V) "vech(Vy = FioyFloy = Vo), (B8)

where Ji) = A7 ([Fm) ®> (Foly))] : Fo® G(0>>~

For Problem (F.6), we use the ideas in Manton et al. (2003), namely we solve the inner min-
imization problem in closed form, and then apply the NR method to the outer minimization after
concentration, by parameterizing deviations in matrix ¢/ in terms of the orthogonal complement
of its column space. We use vech(UTU') = AL (U @ U)vec(T) = LALU @ U) (I}, @= I)y =
TAL(U ®= U)y =: N(U)y. Then, the solution of the inner minimization problem in (F.6) is
v = (NUYNU))N(U) vech(Z). After replacement in (F.6), we get the concentrated crite-
rion value ¢(U) = vech(Z)’ (I Ty — PU )) vech(Z) for the outer minimization problem under
constraint U'U = I, where P(U) = NU)NU)YNU))'N(U)'. To solve the latter con-
strained minimization problem by the NR algorithm, we parametrize deviations around U as
U = Up) + Uy o)A, where U, gy is a T x (T — k) matrix with orthonormal columns which are

orthogonal to the range of U, and A is a (T' — k) x k parameter matrix. Indeed, such parame-

terization imposes the constraint at first order in A. Let us define ¢(o)(a) := ¢(U o) + UL (0).A) for
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a := vec(A). We get a by the NR step

Y _ 9%¢(0)(0) ! 0¢0)(0)
n dada’ oa '

and then we get Uy = UU'U )~'/2. To implement the updating rule (F.9), we need the first- and

(F.9)

second-order partial derivatives of function ¢(Ug) + U (0)A) W.r.t. a, that we give explicitly next.

Lemma 9 The first- and second-order partial derivatives are given by:

99(0)(0)
Oa

= —(Ik®UL©) [(Ix ® Go)) + (H() ® Ir)]'[(Ik ®= ) ® A7)
x (KA/(/O)/\/(O))_IN('O)U@CME)] ® [ - P(O))Uech(é)])
= —[(lk ® (Go)UL)) + (Ho) ® ULo)]'[(Ix ®= L) ® Ag]
x ([(NoNio) " Nigvech(2)] @ [ = PoyJvech(Z))) (F.10)

where G = (Kjr @ Ir)(Ir @ vec(U)) and H = (I}, @ Ky r)(vec(d) @ Ii,), and the index (0)

indicates that the quantities are evaluated for U = U ), and:

a2¢ (0) / n / / A

ﬁ = Iy ® uL,(O)) <_(IkT & 5(0)) Sy — S5(Lyr @ 5(0))) (I ® uL,(O))
1 !

+§[(fk ®@ (GoyUL,0))) + Ho) @UL )] [(Ir ®= I;) ® Ar]

% { (Wi Nioy) ™ Ny) @ (i 0y o) K sy = [(NiopNioy) ™ @ (i oy o)
+ (1,071, 0y) @ (1@ = Pwy) + [(01,0)75,00)) ® (N (/V’(/o)/\/'(o))_l)]vak}

x[(Ir @=I) @ A7]'[(Ir @ (Go)UL ) + (Ho) @ UL ©)], (F.11)

where € = [(I, = It) @ Ap](ih ® i) with iy == (N'N)""Nvech(Z) and iy := (Im;m —
P)Uech(é), and 53 = {Sl®(Kk,T®IT)}[’U(EC(IT)®ITk]+[Ik®(SQ(Ik®Kk,T))][(Kk,Tk(X)Ik)(ITk@
vec(Iy))], with Sy = (I, ® Kr)(vec(ly) ® Ir) and Sy := (Kr2r @ Ir)(I2r ® vec(Ir)).

F.3 Constrained FA-GMM Estimators

In this subsection, we show that the arguments and numerical methods presented in Subsections

E.1 and E.2 extend to the computation of the constrained FA-GMM estimator 96. First, since
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imposing the constraint a(d) = 0 is equivalent to restricting the parameter ) to belong to set
T. == {9 : a(f) = 0}, and it does not involve parameter vector y, from the arguments in
Subsection E.1, we get that 0, is asymptotically equivalent to a constrained FA-GMM estimator éj
based on moment vector g7 (f) including the cross-sectional variance, and that the components of

vector ¢ are computed as:

s = g+ (VO PoeehlV, — £(0)], (F.12)
U* = argmin vech|V, — 2(19)]’(‘7;22)_11)ech[% — X(9)]. (F.13)
veTe

Moreover, the FOC for the Lagrangian of the constrained minimization problem defining 197; ie.,
— MDY (Vp0) " Swech(Vy — S(0%)] + 2400 3 — 0, with a(6) = L, diag(V2), yields the equation
—E&iaﬂ(%fm)_lvech[% — 2(9%)] + Ly, A* = 0, that can be used to get the Lagrange-multiplier
vector \* = L, Ediagj(f/gfm)*lvech[% — ¥(9%)] as a function of the constrained estimator 9%
To compute estimate 19? in (F.13), we can use either the NR algorithm for the full vector,
or the zigzag algorithm. In the first case, we augment the constraint vector and stack h(1}) and
a(?). We get matrix H (V) := %g)/ ; %g)/], and define accordingly matrix Ly (1) to span
the orthogonal complement of the columns of H,.(1}). Then, the NR update equation is as in (F.4)
after replacing Ly (¥) with Ly, (/). Again, to get 9. (1), we need to rotate the columns of the factor

estimate to meet the nonlinear constraint £’V !

'F = diag. If the constraint a(f) = 0 is linear as

in the sphericity test, we do not need to enforce it after the update, as it is automatically imposed
in the NR step.

In the zigzag algorithm, the step to get I for given V. is unchanged compared to the uncon-
strained algorithms defined in Subsections E.2.1 and E.2.2, since the constrained vector a(f) does
not involve parameter F' in the sphericity test. In the step aimed at getting V. given F', we im-
pose the linear constraint L} _diag(V.) = 0, which amounts to use the constrained GLS estimate
diag(Vze) = |Ir — (E{img,T(ngm)_lEdiag,T)_lLlT (LllT(Eéliag,T(‘A/ngQ)_lEdiaguT)_lLlT)_1 LllT:|
diag(Vz) instead ot the unconstrained one diag(Vz.) = (E/;, g7T(‘A/;:22)_1Ediag,T>_1E&ia%T(‘};QQ)_I
vech(V, — FF").
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F.4 Proof of Lemma 9

Let us start with the first-order derivatives. We use the notation of differentials (see Magnus and
Neudecker (2007), Chapters 5 and 6). The differential of function ¢ is dp = —vech(Z) dPvech(Z),
where, by standard arguments, dP = (I@ —P)(dN) (/\/"N)’U\/"—l—/\/'(/\/"/\/')’l(d/\/')’(]@ —
P). Then: dp = —2vech(§)’(1w —P)(dN)N'N)""N"vech(Z) = —2 <[(N’N)_1N’vech(é)}
®[(I@ — P)vech(é)])l vec(dN'). The differential of function N is given by dN" = 1 A%[(dlA)
QUAUR (AU )|(I,®—1I);) and, after vectorization, we get vec(dN) = $[(I,Q_I}) @ Ar]'vec|(dU)®
U+U®(dU)]. Next, we use the vectorization of the Kronecker product (see Magnus and Neudecker
(2007), p. 48)*, so that vec[(dU) @ U + U @ (dU)] = [(I; ® G) + (H @ Ir)vec(dU), where
G = (Kir ® I7)(Ir @ vec(U)) is (kT?) x T matrix and H = (I ® Kjr)(vecd) @ I},) is
(k*T) x k matrix. Thus, we get:

a6 = — (WA Noech(®)] © [(Treen — Poech(E))) (T ©= ) © Aq]
X[(Ir ® G) + (H ® Ip)]vec(dU). (F.14)
By using dd = U, (pyd.A and vec(dU) = (I, ® U, (o))da, we get the gradient vector in (F.10).
Let us now establish the second-order derivatives. To compute the second-order differential
d*¢, we go back to formula (F.14) and compute the differential of the vector function multiplying
vec(dU). By the product rule for differentials, we have:
d’¢ = —(vec(d))[(Ix @ dG) + (dH ® I7)) [(Ix @ Ir) ® Ar]
X ([(N/N)_lvaech(é)] ® [(I@ = P)U&Ch(é)])
—(vec(dU))'[(Ik ® G) + (H @ Ir)'[(1k ®= Ix) ® Ar]
X ([d{w’/\/)-w’}vech(é)] ® (Iras - 7>>vech(é)])
+(vec(d))'[(Iy  G) + (H @ I)|'[(Ix ®= Ix) © Ar]
X ([(N/N)_l./\//vech(é)] ® [(dP)U@Ch(é)]) : (F.15)

231t amounts to use the following result: let A and B be m x n and p x g matrices, then vec(A ® B) = (I, ®

G)vec(A) = (H @ I,)vec(B), where G = (Ky m ® Ip) (I @ vec(B)) and H = (I, @ Ky m)(vec(A) ® I).
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where dG = (K r®I7)(Ir@vec(dU)) and dH = ([, Ky 1) (vec(dU )21} ) and d{ (N'N) N} =
—(N'N)IN(dNYN'N)INT + (/\/"N)_l(d./\/)’(.f% — P). We obtain the matrix of the
second-order partial derivatives of ¢ by writing d?¢ as a quadratic form in vector vec(dif). To
establish this matrix, we need to rewrite the three terms on the RHS of (F.15) using repeatedly the
vectorization of matrix products and Kronecker products (footnote 8).

(a) For the first term on the RHS of (F.15), we have successively:

(I ® dG) + (dH ® I7)]'[(Iy ®— I,) @ Ar] ([(N’N)—W’vech(é)] ® [(Izwen — P)vech(é)])
= [(I; ® dG) + (dH ® I7)]'E = ( '[(Iy ® dG) + (dH @ IT)]>
= (Iir @ &)vec|(Iy ® dG) + (dH @ Ir)] = (Irr @ £)' [(S1 @ Lyre2)vec(dG) + (I @ Sa)vec(dH)]
= (Ir ® ) {(S1 ® I [Ir @ (Kyp © Ir)Jvec(Iy ® vee(dU))

+(I, ® S2) 11, ® (I @ Ky r)|vec(vec(dU) @ Iy) }
= (Ir ® &) {[S1 ® (Kir @ Ir)][vec(Ir) ® Iz

e @ (S2(Ik @ Ko )[(Kprie @ Ie) Iy, @ vee(Iy))]} vee(d)
= (Iyr ® €)' Ssvec(dU), (F.16)

where we define the vector & := [([,@_I;)®Ay] ([(N'N)_l./\/"vech(é)] @ [(Trersn — P)vech(é)])
and matrices Sy := (I, ® Kr)(vec(Ily) ® Ir) and Sy := (Kr 20 @ Ir)(Ig2r @ vec(Ir)).
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(b) For the second term on the RHS of (F.15), we use:
[d{(N'N) "N }vech(2)] @ (Izan — P)vech(Z)]
= [~W'N)TW(dN )i + (N'N)THAN) Ta] @
= vee [il (~(NN) TN (AN -+ (NN) AN ) ]
— (I ® fix)vec [(—(N'/\/)—W'(d/\/)ﬁ1 + (NAN)- (d/\/')’ﬁg)/]
= (I @ ip)vec [ (AN )Y NN'N) ™+ i (dN)N'N) 7]

= (VNN © (i) K riceas 4+ [WN) @ ()] vee(dA)
= S (NN @ i K+ (NN @ ()] ) (T @= 1) & A]
X[(I ® G) + (H ® Ir)|vec(dU) (F.17)

where we define the vectors 7; := (NN~ 'N"vech(Z) and 7, := (Irasn — P)vech(Z).
(c) For the third term on the RHS of (F.15), we use:

[(N'N) "IN vech(2)] @ [(dP)vech(Z)]

= i@ ((Txea = PYAN )i + NNVN) ™ (N7

= wee ((Tnceen — P)AN )i + NN~ (@A) i)

= [0 @ (e = P) + (i) © (N N'N) )] Kreran | vee(an)

= 2 [t @ (reran —P) + [(0A) © WN'N) K rere | [k @2 1) © Ar]
X[(Iy ® G) + (H ® Ir)|vec(dU). (F.18)

We plug equations (F.16)-(F.18) into (F.15), and exploit the symmetry of the matrix defining

the quadratic form, to get:

Po = sveeldd) (~(ir ©€)'Sy — Si(Tr © &)) vec()
+vecl ) (1 © 6) + (M ® 1)} (U 8= 1) © Ar) {[(W'N) N © (il e,
(NN @ ()] + () © (Triezs = P) + [00) © VNN D K nn )
X[(Iy ®= 1) @ Ap]'[(Ir ® G) + (H & Ip)|vec(dU),
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where £ = [(1,®_1I,,)®A7| (71 ®1,) and we can check that matrix [(7;7) (N (N'N) Kz N
2 k)
is the transposed of [((N'N)~'N")® (727} )| K z(z+1) , by the properties of the commutation matrix.
2 )
By using vec(dd) = (I, ® U, (o))da, we get the Hessian matrix explicitly in (F.11). Q.E.D.

F.5 Numerical Study of the FA-GMM estimators

This section compares the performance of the algorithms developed in Sections E.2.1 (NR) and
E.2.2 (zigzagl-2). We investigate both the unconstrained (Section E.1) and constrained (Section
E.3) FA-GMM estimators. We set the starting values at the PML estimates of FGS obtained with
the zizag routine of Magnus and Neudecker (2007). We also rely on them to compute optimal
weighting since they are consistent. Table 2 reports Root Mean Square Error (RMSE), Bias,
and Standard Deviation (SD) for the PML and PCA estimators as well as the unconstrained and
constrained FA-GMM (NR and zigzagl-2) estimators. We rely on the same simulation design
as the one for the MC experiments (Section 5) for the size, power, and local power of the test
in a non-gaussian setting (DGP1-3). We compute RMSE as the square root of E[||f — |2 =
tr(V[0]) + | E[0] — 6]||%, Bias as ||E[0] — 0| , and SD as tr(V[0])/2 for the estimates of § =
(' vec(F), diag(V.)"). We use n = 500 and 7' = 12. Under sphericity (DGP1), PCA and con-
strained estimators (con) fare better in terms of RMSE and SD. Under DGP2-3, since sphericity
does not hold, the PCA estimators exhibit huge RMSE, Bias, and SD, and this even under a lo-
cal alternative. It is also the case for constrained NR and zigzagl-2 algorithms, but not for the
unconstrained FA-GMM and PML estimators. We observe a slight advantage in terms of RMSE
and SD for the unconstrained FA-GMM estimator (NR) for the three DGPs (as expected, at least
asymptotically, from optimal weighting delivering efficiency gains w.r.t. PML), and we think it
should be the default choice in empirics. The failure of PCA spotted in Table 2 under DGP2-3
should convince empirical researchers to refrain from running PCA in short panels when errors
are not spherical. We have observed a deterioration of the performance of the FA-GMM and PML

estimates when 7" = 6 for cases, where matrix Mgy, © Mgy, is badly conditioned: its smallest
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singular value is close to zero and local identification is challenged (Assumption A.4). It happens
in approximately 17% of the 100 simulated factor paths. When we remove those cases, we observe
the same performance as for 7" = 12 (and 1" = 24).

We can also look at computational time for the three algorithms NR and zizagl-2. The NR
algorithm needs more iterations than the zigzag routines, but the zigzag routines make NR steps
inside each iteration which slows down the computations. The three algorithms give close numer-
ical results, even if NR is slightly better in terms of RMSE and SD, for the unconstrained panel
FA-GMM estimators (see Table 2). Their good accuracy shows their relevance for applied work.
Our simulation results point to a strong advantage of the NR algorithm in terms of computational
speed. Indeed, the average computation time for the NR algorithm is around 5 millisecond, com-
pared to 31-119 milliseconds for the zigzag1-2 algorithms. Relative computational times are even
slightly lower for the constrained version of NR w.r.t. zigzagl-2. It explains why we opt for the

NR algorithm in our MC experiments (Section 5) and our empirics (Section 6).
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n = 500 DGPI DGP2 DGP3

T =12 RMSE Bias SD |RMSE Bias SD | RMSE Bias SD
PML 1.33 0.11 1.33 | 1.96 0.14 1.96 | 1.56 0.12 1.55
NR 1.32 0.11 1.32|1.95 0.14 194|154 0.12 1.53
Zigzagl 1.33 0.11 1.32]1.95 0.14 194 | 1.55 0.12 1.55
Zigzag? 1.35 0.11 1.34 | 1.96 0.15 1.95]1.56 0.13 1.56
PCA 0.65 0.06 0.65 | 9.54 946 092 | 1.71 1.53 0.76
NR con 0.68 025 0.64 | 10.75 10.62 1.44 | 245 205 1.12
Zigzagl con | 0.70 025 0.65|10.81 835 4.82]2.29 205 0.98
Zigzag?2 con | 1.06 0.27 1.02 | 9.52 7.66  3.95 | 2.30 1.88 1.31

Table 2: We provide the average Root Mean Square Error (RMSE), Bias, and Standard Deviation

(SD), for the different estimators and algorithms, under DGP1-3 and PML, PCA, and FA-GMM

approaches. We take averages across 100 different draws of the factor path for n = 500, 7' = 12,

and two latent factors.

G Monte Carlo Experiments for the LM and LR Tests

This section gathers the Monte Carlo Experiments for the LM and LR tests. Tables 3 and 4 show

numbers similar to the entries of Table 1 for the W test.
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LM Size (%) Global Power (%) Local Power (%)

T 6 12 24 6 12 24 6 12 24

n =500 | 6.5 6.2 62 93 100 100 30 98 99
04) (0.3) (03)](174) (©0.0) (0.0)] (10.6) “44) (O.5)

n = 1000 | 5.9 5.8 5.5 97 100 100 27 96 100
(0.3) (0.3) (0.3) | (13.0) (0.0) (©0.0) | (9.8) (7.8) (0.0)

n=>5000| 54 53 52 100 100 100 23 90 100
(0.3) (0.3) (0.3)| (0.0) (0.0) (0.0)| (8.8) (12.7) (0.0

Table 3: For each sample size combination (n,T"), we provide the average size, power, and local
power in % for the test statistic ££* under DGP1-3. Nominal size is 5%. In parentheses, we report

the standard deviations for size, power, and local power across 100 different draws of the factor

path. The number of latent factors is set equal to two.

ELR Size (%) Global Power (%) Local Power (%)

T 6 12 24 6 12 24 6 12 24

n=>500 | 65 62 6.2 93 99 100 30 98 99
04) (03) (03)](174) (©0.0) (©0.0)] (0.6) “44) (0.5)

n = 1000 | 5.9 5.8 5.6 97 100 100 27 96 100
(0.3) (0.3) (0.3) | (13.0) (0.0) (©0.0)| (9.8) (7.8) (0.0)

n=>5000| 54 53 52 100 100 100 23 90 100
(0.3) (0.3) (0.3)| (0.0) (©.0) (0.0 (8.8) (12.7) (0.0)

Table 4: For each sample size combination (n,T"), we provide the average size, power, and local
power in % for the test statistic ££% under DGP1-3. Nominal size is 5%. In parentheses, we report

the standard deviations for size, power, and local power across 100 different draws of the factor

path. The number of latent factors is set equal to two.
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H Orthogonality Restrictions with Second-Order Moments

This section establishes orthogonality restrictions based on second-order moment restrictions for
panel model (4). We build on ideas of Arellano and Bonhommes (2012) Section 3.4, extending the
analysis of our FA seting to the more general model (4) and accommodating a random coefficient
in the variance (see also footnote 17 in Arellano and Bonhomme (2012)). Specifically, for model
YV, = d(2;,¢) + R(2;,¢)B; + €, let us assume Elg;|z;, 3] = 0 and Vg;|2;, B, 07 = 02Vo(2:, ),
where o2 is a random coefficient and 1) an unknown parameter vector. By taking the Kronecker

product of ; with itself, and computing the conditional expectation, we get:

EY; @ Vilzi, Bi,o7] = [d(z,¢) @ d(z, )] + [d(zi,¢) @ R(2,¢) + R(2;,¢) ® d(z;, )] 5;
+[R(2,¢) @ R(z, O)(B; @ Bi) + o7vec(Ve(zi, ). (G.1)

Then, by stacking (G.1) with E[);|z;, 8;] = d(z;,0) + R(z;,0)5;, we get from (4):

where Vi = (!, (V; ® );)'), the vector of random coefficients is v; = (8., (8; ® 8;), 02, the

augmented parameter vector is § = ({’, 1)), and:
d*<ZZ', 6) = y

d(ziv C) ® R(ziv C) + R(ziv C) ® d(zh C) R<Zi7 C) ® R<Zi7 C) UGC(‘/E(Zi7 ¢))

R*(2;,0) =

The conditional moment restriction in (G.2) is of the type studied in Chamberlain (1992), so that
we can use his approach to obtain the orthogonality restrictions to estimate 6 and ¢* = E[v,].
Again, in our FA setting, we can normalize ¢*, so that those parameters do not appear in the

orthogonality restrictions.
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I Proof of Proposition 3

Here, we derive the asymptotic distributions of the unconstrained and constrained FA-GMM esti-
mators as well as the ones of the trinity of FA-GMM test statistics under local alternative hypothe-
ses. We also check the conditions for establishing the Gaussian experiment for testing sphericity
in the FA model. Below, probability order o,(1) and distributional convergence are under the
sequence of local alternative hypotheses.

(1) Let us start with the unconstrained FA-GMM estimator and the W statistic. Under the local

alternative hypothesis H ;,., we have:

VIR H0) ) s v ign(8) + o1, G2
VnLiy (0 = U,)
similarly as in Equation (D.4), and \/nH'(J — 9,)) = 0,(1), and
Via(d) = Via(t) + 280 i)+ 0,0 = 0+ 200 i —g,) 4 0,1
= 0 — A'Sg IV, ' nga(0,) + 0p(1), (G.4)

from a Taylor expansion and Equation (G.3).
(i1) Let us now consider the constrained FA-GMM estimator and the Lagrange multiplier vector.

Under H 1., Equation (D.9) is modified into & + 22%) \ /(e —9,,) = 0,(1), and Equation (D.10)

o9
becomes:
v, A Vil = o) TV in(6n)
. Ly (9¢ = 1,,) =— I + 0,(1).
/
A O(r—1)x(T—1) S 0
n

(G.5)
By the inversion of the block matrix in the LHS of (G.5), together with Equation (D.8), we get the
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asymptotic expansions of /n(/i€ — fi0), v/n(0¢ — 9,,) and \/nA under Hy jo,:
Vn(i© = po)
VL (9° = 0,)
VRH'(° = 0,) = o,(1),
Vinh = (ASgA) T8 — (ASeA) T AS0 TV g (0,) + 0,(1). (G

= —SA(A'SA)716 — (I — PYSodgV, ' V/nga(0,) + 0,(1), (G.6)

(iii) From Equations (G.4) and (G.7), we get \/nA = (A'SyA) " /na(d) + 0p(1), i.e., the
vectors that build the quadratic forms defining the W and LM statistics are equal up to o, (1) terms.
It then follows that ££M = ¢V 4 0,(1).

(iv) We use /ngn(6,) = N(0,V,). From Equation (G.4), we get \/na(d) = N(5,Qw),
with Qy = A’S0A. Thus, £V = (T — 1,§'Q,6). The same asymptotic distribution applies
for the LM statistic ££* because of the asymptotic equivalence. From Subsection D.1, we have
A'SyA = LY, Sy, Ly, and 0'Qy'6 = diag(Vz) Ly (L, Sy, L, )7Ly, diag(Vz).

(v) Let us finally consider the LR statistic. By a second-order Taylor expansion around 0,
we have Q,(0°) = Q,(0) + %(éc - 0)’88359, (§c — @), where 0 is between 0° and § compo-

nentwise, and the first-order term vanishes because of the FOC of the unconstrained FA-GMM

9%2Qn(9)

estimator. The second-order partial derivatives matrix of the GMM criterion is given by =572~

=2 aa‘?;ég Vg L9.(0) P + 289" Vg 18959(,) When evaluated at the consistent esti-
9Qu(0) _

mator § = 6,, + 0,(1), the first term on the RHS vanishes asymptotically. Then, 50557

205V o + 0p(1). We get EEF = [\/n(6° — 0))'(J5V, 1 Jo)[v/n(6° — 0)] + o,(1). By using

g —dy = [ VR ) ) weget gm = [ YR ) s
Lu/nLy (V¢ = 0) VL (0 =)

n(jc — [
Vil = i) + 0,(1). By taking the difference between (G.3) and (G.6), we get:

VL (¢ — 9)
LR 12 Vn(j - N)A — SRS, A)1S + E_l/QP/ono V1 i (6,) +
VnLy (9 =)
0p(1) = S PAASYA) ™ |6 — A8 dyV ' /Mgn(0n)| + 0p(1) = —RCY + 0,(1), where
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W o= (A'SyA) V2 /na(f) and R = B2 A(A'SyA)~Y/2 with R'R = Ir_;. Then, it follows
that L7 = (CERY (LR 4 0,(1) = (V)¢ +0,(1) = € + 0,(1). The asymptotic equivalence and
step (iv) imply E£F = \2(T — 1,8'Qy,9).

(vi) Let us check the conditions for establishing the validity of the Gaussian experiment. The
q.m.d. condition in Assumption 3 holds with f/(z;) = —555[Vlog; (67 (z; —m;(6p)))] A,
(67 (z; —m;(6y))) by Assumptions A.8(a)-(b). We use y; = o + Fof; + Vgl,,/f(zjeBm 8;Wj)
to show that the uniform bounds in Assumption 4 follow from Assumptions A.1 and A.2. Further,
Lemma 7 shows the CLT in Assumption 5. Besides, the FA-GMM test statistics are asymptotically

quadratic forms of \/Lﬁ > 9y, 50), so that their subsequence weak limits are independent of Z:-.

Then, Assumption 6 holds. Proposition 3 follows. Q.E.D.
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